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Abstract. Let H be a Hom-Hopf T-coalgebra over a group π (i.e.,
crossed Hom-Hopf π-coalgebra). First, we introduce and study the
left-right α-Yetter-Drinfel’d category YD(H)α over H with α ∈ G,
and construct a class of new braided T-categories. Then, we prove
that Yetter-Drinfel’d module category YD(H) is a full subcategory
of the center Z(Rep(H)) of the category of representations of H.
Next, we define the quasi-triangular structure of H, and obtain its
representation crossed category Rep(H) is quasi-braided. Finally, the
Drinfel’d construction D(H) of H is constructed, and an equivalent
relation between YD(H) and the representation of D(H) is given.
Keywords: Hom-Hopf T-coalgebra; Yetter Drinfel’d module; Drinfel’d
construction; Braided T-category; Category center; Yang-Baxter
equation.
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Introduction
Turaev [11] generalized quantum invariants of 3-manifold to the case of a 3-manifold
M equipped with a homotopy kind of maps M −→ K(π, 1), where π is a group. Crossed
categories based on a group π, that is, monoidal categories in Freyd-Yetter categories of
crossed π-set (see [1]), play an important role in the construction of these homotopy in-
variants. Particularly important in this context is the case of categories of representations
of a crossed group-coalgebra (cf. [13], [15], [16], [17], [22])
∗Corresponding author: shuanhwang@seu.edu.cn
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The natural consideration to ask whether there is another approach to construct there
homotopy invariants? For this, Panaite and Staic [10] gave some interesting constructions
in the case of Hopf algebra. Motivated by this, Yang [19], [20], Liu [4] and You [21] gener-
alized their work to multiplier Hopf algebra, weak Hopf algebra and monoidal Hom-Hopf
algebra cases, also the authors obtain some new classes of braided crossed categories which
provided some solutions to the quantum Yang-Baxter equation over π.
In [22], You et al. generalized the construction of Braided T-categories to the Hom-
Hopf algebra case and introduced the definition of Hom-Hopf group-coalgebras, which is
regard as a natural generalization of Hom-Hopf algebras (see [8, 9]) and Hopf group coal-
gebras (see [13]). In [25], Zunino provide an analog of the Drinfel’d double over the Hopf
T-coalgebras. In [14], Van Daele and Wang consider an analog of the Drinfel’d double
for finite-type weak Hopf T-coalgebras. Following their motivated ideas, we generalize the
Drinfel’d construction to the finite-type Hom-Hopf T-coalgebras as a continue of the work
in [22], and give new examples of braided T-categories.
This paper is organized as follows. In Section 1, we recall some notations related to
Hom-Hopf T-coalgebras, braided T-categories, center construction and Drinfel’d double.
Let H be a Hom-Hopf T-coalgebra over group π in Section 2. Given α ∈ π, we de-
velop the definition of a left-right α-Yetter Drinfel’d module YD(H)α over H and define
the category YD(H) =
∐
α∈pi YD(H)α. Then we prove that the category YD(H) is a
braided T-category. In Section 3, we show that the category YD(H) is a full subcategory
of Z(Rep(H)), the center of representation category of H.
In Section 4, we give the concept of a quasi-triangular structures of Hom-Hopf T-
coalgebra H, and show that crossed category Rep(H) is quasi-braided, which generalize
Theorem 6.1 in [6] (or refer to [5]). In Section 5, as an example of a quasi-triangular Hom-
Hopf T-coalgebra, we investigate an analog of Drinfel’d construction D(H) over finite-type
Hom-Hopf T-coalgebras. Finally, we obtain that the category YD(H) defined as above is
isomorphic to the category of representation of D(H).
1 Preliminaries
Throughout the paper, let π be a group with unit element e and k a fixed field of
characteristic 0, all algebraic systems are supposed to be over k. If U and V are k-
modules, then we call τ : U ⊗ V −→ V ⊗ U : u ⊗ v 7→ v ⊗ u the twist isomorphism. We
denote the identity map by id. We shall use the sigma notation in the versions of Sweedler
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for ∆: ∆(h) =
∑
h1⊗h2. In order to facilitate the operation, we always omit Sum Symbol∑
.
1.1 Hom-Hopf T-coalgebra
We recall the definition of Hom group-coalgebra and Hom-Hopf T-coalgebra as in [22].
Hom-Hopf T-coalgebras is a generalization of the notion of Hom-Hopf algebra (the defini-
tions and notations about Hom-Hopf algebra see [6], [7], [8], [9] for detail). We give some
examples about Hom-Hopf T-coalgebra at the end of this section.
A Hom group-coalgebra over π is a family of objects (C = {Cα}α∈pi, ν = {να}α∈pi)
together with linear maps ∆α,β : Cαβ −→ Cα ⊗Cβ via c 7→ c(1,α) ⊗ c(2,β) for any c ∈ Cαβ,
and ε : Ce −→ k such that


να(c(1,α))⊗∆β,γ(c(2,βγ)) = ∆α,β(c(1,αβ))⊗ νγ(c(2,γ)), ∀c ∈ Cαβγ ,
c(1,α)ε(c(2,e)) = να(c) = ε(c(1,e))c(2,α), ∀c ∈ Cα,
∆α,β(ναβ(c)) = να(c(1,α))⊗ νβ(c(1,β)), ∀c ∈ Cαβ,
ε(νe(c)) = ε(c), ∀c ∈ Ce.
Let (C, ν) and (C ′, ν ′) be two Hom group-coalgebras. A Hom group-coalgebra mor-
phism f : (C, ν) −→ (C ′, ν ′) is a family of linear maps {fα}α∈pi, fα : (Cα, να) −→ (C
′
α, ν
′
α)
such that fα ◦ να = ν
′
α ◦ fα, ∆α,β ◦ fαβ = (fα ⊗ fβ) ◦∆α,β and ε ◦ fe = ε.
A Hom-Hopf group-coalgebra (H = {Hα}α∈pi, ν = {να}α∈pi) is a Hom group-coalgebra
H = {Hα,∆ = {∆α,β}, ε, να}α,β∈pi and a family of algebras {Hα,mα, ηα, να}α∈pi endowed
with antipode S = {Sα : Hα −→ Hα−1}α∈pi such that


∆α,β(hg) = ∆α,β(h)∆α,β(g), ∆α,β(1αβ) = 1α ⊗ 1β , ∀h, g ∈ Hαβ,
ε(hg) = ε(h)ε(g), ε(1e) = 1, ∀h, g ∈ He,
Sα−1(h(1,α−1))h(2,α) = ε(h)1α = h(1,α)Sα−1(h(2,α−1)), ∀h ∈ He,
να ◦ Sα = Sα ◦ να, ∀α ∈ π.
A Hom-Hopf group-coalgebra H is of finite-type if all components Hα(α ∈ π) is finite-
dimensional as a k-vector spaces.
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Remark 1.1. If we assumed that π = {e}, we get (He,me, ηe,∆e,e, ε, Se, νe) is a Hom-
Hopf algebra. The antipode S = {Sα}α∈pi of the Hom-Hopf group-coalgebra H is said to
be bijective if all components Sα is bijective.
A Hom-Hopf group-coalgebra is crossed if it endowed with a family of algebra isomor-
phisms ϕ = {ϕαβ : Hα −→ Hβαβ−1}α,β∈pi such that
• ϕβ respects the comultiplication and the counit in the sense that ∆βαβ−1,βγβ−1 ◦ ϕβ =
(ϕβ ⊗ ϕβ) ◦∆α,γ and ε ◦ ϕβ = ε for all α, β, γ ∈ π.
• ϕβ respects the structure map ν in the sense that ϕβ ◦ να = νβαβ−1 ◦ϕβ for all α, β ∈ π.
• ϕ is multiplicative in the sense that ϕα ◦ ϕβ = ϕαβ for all α, β ∈ π. It follows that
ϕαe = Id, for all α ∈ π.
• ϕβ respects the antipode in the sense that ϕβ ◦ Sα = Sβαβ−1 ◦ ϕβ for all α, β ∈ π.
A crossed Hom-Hopf group-coalgebra is called a Hom-Hopf T-coalgebra.
Example 1.2. (1) Let H = {Hα,mα, ηα,∆, ε, Sα}α∈pi be a Hopf group-coalgebra and
ν = {να : Hα −→ Hα} a Hopf group-coalgebra endmorphism. Define a new multiplication
mν = {να ◦mα : Hα ⊗ Hα −→ Hα}α∈pi and a new comultiplication ∆ν = {∆α,β ◦ ναβ :
Hαβ −→ Hα ⊗Hβ}αβ∈pi. Then Hν = {H,mν , ηα,∆ν , ε, Sα, να}α∈pi is a Hom-Hopf group-
coalgebra.
(2) Let (H,m, η,∆, ε, S, ν) be a Hom-Hopf algebra and π : H −→ H a endomorphisms.
Set Hpi = {Hα}α∈pi where for any α ∈ π, the algebra Hα is a copy of H. Fix an identifi-
cation isomorphism of algebras iα : H −→ Hα. The comultiplication is defined by
∆α,β : Hαβ −→ Hα ⊗Hβ : iαβ(h) 7→
∑
iα(h(1))⊗ iβ(h(2)),∀ α, β ∈ π,
where h ∈ H and ∆(h) =
∑
h(1) ⊗ h(2). The counit is given by ε : He −→ k : ie(h) 7→
ε(h) ∈ k, for any h ∈ H. Given α ∈ π, the antipode is given by Sα : Hα −→ Hα−1 :
iα(h) 7→ iα−1(S(h)), for any h ∈ H. It is easy to verify that H
pi is a Hom-Hopf group-
coalgebra. Furthermore, if it endowed with the homomorphism ϕβ : Hα −→ Hβαβ−1 defined
by ϕβ(iα(h)) = iβαβ−1(β(h)), for any α, β ∈ π, then H
pi is crossed.
(3) Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf group-coalgebra. Suppose that
the antipode S = {Sα}α∈pi of H is bijective. The opposite algebra H
op = {Hopα }α∈pi of H
endowed with the same comultiplication and the same counit of H and with the antipode
Sop = {Sopα = S
−1
α−1
}α∈pi is an opposite Hom-Hopf group-coalgebra of H.
(4) Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf group-coalgebra. Suppose that the
antipode S = {Sα}α∈pi of H is bijective. The coopposite group-coalgebra H
cop = {Hcopα }α∈pi
equipped with Hcopα = Hα−1 as a algebra and with the comultiplication ∆
cop
α,β = τHβ−1 ,Hα−1 ◦
∆β−1,α−1 and with the antipode S
cop = {Scopα = S−1α }α∈pi is an coopposite Hom-Hopf
group-coalgebra of H.
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(5) Let H = {Hα,mα, ηα,∆, ε, S, να}α∈pi be a Hom-Hopf group-coalgebra. The opposite
and coopposite Hom-Hopf group-coalgebra Hop,cop is given by setting Hop,copα = H
op
α−1
,
∆op,copα,β = ∆
cop
α,β, ε
op,cop = ε and Sop,copα = Sα−1 .
(6) Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf T-coalgebra. The Hom-Hopf
T-coalgebra (H = {Hα}α∈pi, ν = {να}α∈pi), called the mirror of H, is defined as follows:
• We set Hα = Hα−1 and να = να−1 , for all α ∈ π;
• The component ∆α,β(for any α, β ∈ π) of the comultiplication ∆ of H is defined by
∆α,β(h) = (ϕβ ⊗Hβ−1) ◦∆β−1α−1β,β−1(h) ∈ Hα−1 ⊗Hβ−1 = Hα ⊗Hβ, ∀ h ∈ Hβ−1α−1 ;
• The counit of H is given by ε = ε;
• The αth component Sα(for any α ∈ π) of the antipode S of H is defined by Sα =
ϕα ◦ Sα−1 ;
• Finally, we set ϕβ |Hα= ϕβ |Hα−1 .
1.2 Braided T-Category and The Center Construction
We firstly recall some basic definitions to fix our notations.
A monoidal category C = (C,⊗,I, a, l, r) is a category C equipped with a tensor
product functor ⊗ : C × C −→ C, a tensor unit object I ∈ C, and natural associa-
tivity constraint isomorphisms a = aU,V,W : (U ⊗ V ) ⊗ W −→ U ⊗ (V ⊗ W ) for any
U, V,W ∈ C, and a left unit constraint l = lU : I ⊗ U −→ U , a right unit con-
straint r = rU : U ⊗ I −→ U , for any U ∈ C, such that the associativity pentagon
aU,V,W⊗X ◦ aU⊗V,W,X = (U ⊗ aV,W,X) ◦ aU,V⊗W,X ◦ (aU,V,W ⊗X) and (U ⊗ lV ) ◦ aU,I,V =
(rU ⊗V ) hold, for any U, V,W,X ∈ C. A monoidal category C is strict if all the constraints
are identities.
A crossed category C over π is given by the following date.
• C is a monoidal category;
• C is disjoint union of a family of subcategories {Cα}α∈pi, and for any U ∈ Cα, V ∈ Cβ,
we have U ⊗ V ∈ Cαβ. Take α ∈ π, the subcategory Cα is called the αth component of C;
• There is a group homomorphism ϕ : π −→ Aut(C) via β 7→ ϕβ , where Aut(C) is the
group of invertible strict tensor functors from C to itself, such that ϕβ(Cα) = Cβαβ−1 for
any α, β ∈ π. The functor ϕβ is called the conjugation isomorphism. Furthermore, C is
called strict if it is a strict monoidal category.
Left index notation: Take α ∈ π and an object V ∈ Cα, we denote the functor ϕα by
V (·), as in [11], or even α(·). We define the notation V (·) for α
−1
(·). Since V (·) is a functor,
for any object U ∈ C and for any couple of composable morphisms ·
f
−→ ·
g
−→ · in C, we
obtain V (idU ) = idV U and
V (f ◦ g) = V (f) ◦V (g). Since the conjugation ϕ : π −→ Aut(C)
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is a group homomorphism, for any objects V,W ∈ C, we have V⊗W (·) = V (W (·)) and
I(·) = V (V (·)) = V (V (·)) = idC . Since, for any V ∈ C, the functor
V (·) is strict, we obtain
V (f ⊗ g) =V (f)⊗V (g), for any morphisms f, g ∈ C, and V (I) = I.
A braiding of a crossed category C is a family of natural isomorphisms c = cU,V :
U ⊗ V −→UV ⊗ U such that
• For any U, V,W ∈ C, we have
cU,V⊗W = a
−1
UV,UW,U
◦ (UV ⊗ cU,W ) ◦ aUV,U,W ◦ (cU,V ⊗W ) ◦ a
−1
U,V,W , (1.2.1)
cU⊗V,W = aU⊗VW,U,V ◦ (cU,VW ⊗ V ) ◦ a
−1
U,VW,V
◦ (U ⊗ cV,W ) ◦ aU,V,W , (1.2.2)
where a is the natural associativity constraint isomorphisms in the monoidal category C;
• For any U, V ∈ C and β ∈ π, we obtain
ϕβ(cU,V ) = cϕβ(U),ϕβ(V ).
A braided T-category is a crossed category endowed with a braiding (see [12]). In par-
ticularly, a quasi-braiding c (see [3]) in C is a family of natural morphisms cU,V : U⊗V −→
UV ⊗ U in C satisfying the above conditions except for the fact that we do not require
cU,V to be isomorphisms. In this case, we call (C,⊗, a, c) a quasi-braided crossed category.
Let C be a crossed category. The center Z(C) (refer to [2], [23], [24]) of C is the braided
crossed category defined as follows:
• The objects of Z(C), called the half-braiding, is a pair (M,σM, ), where M is an object
of C and σM, is a family of natural isomorphisms via σM, :M ⊗ −→
M ( )⊗M such that
aMX,MY,M ◦ σM,X⊗Y ◦ aM,X,Y = (
MX ⊗ σM,Y ) ◦ aMX,M,Y ◦ (σM,X ⊗ Y ), (1.2.3)
for any X,Y ∈ C;
• The morphisms of Z(C) are f : (M,σM, ) −→ (N,σN, ) such that
(MX ⊗ f) ◦ σM,X = σN,X ◦ (f ⊗X),
for any X ∈ C;
• Take (M,σM, ), (N,σN, ) ∈ Z(C), The tensor product of (M,σM, ) and (N,σN, ) is the
couple (M ⊗N,σM⊗N, ), where σM⊗N, is given by
σM⊗N,X = aM⊗NX,M,N ◦ (σM,NX ⊗N) ◦ a
−1
M,NX,N
◦ (M ⊗ σN,X) ◦ aM,N,X ,
for any X ∈ C;
• The unit in Z(C) is the couple (I, σI, );
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• For any α ∈ π, the αth component of Z(C), denoted by Z(C)α, is the full subcategory
of Z(C) whose object is the pair (M,σM, ) (with M ∈ Cα);
• For any β ∈ π, the automorphism ϕZ.β is obtained by setting, for any (M,σM, ) ∈ Z(C)α,
ϕZ.β(M,σM, ) = (ϕβ(M), ϕZ.β(σM, )),
where ϕZ.β(σM, )(X) = ϕβ(σM,ϕβ−1(X));
• The braiding c in Z(C) is obtained by setting, c(M,σM, ),(N,σN, ) = σM,N .
1.3 Drinfel’d double of Hom-Hopf algebras
We now recall how the Drinfel’d double D(H) of Hom-Hopf algebras H is constructed.
If (H,mH ,∆H , νH , ηH , εH , S) is a finite dimensional Hom-Hopf algebra with bijective
antipode and bijective structure map νH , the authors build such a Hom-diagonal crossed
product H∗ ⊲⊳ H as the algebra structure of the Drinfel’d double D(H) in [6]. We recall
some essential ideas here.
As a unital Hom-associative algebra, D(H) is the tensor product H∗⊗H as the vector
space, and its unit is εH ⊲⊳ 1H , its structure map is µ⊗ νH and its multiplication is given
by
(f ⊲⊳ h)(f ′ ⊲⊳ h′) = f • ((ν−3H (h1)⇀ µ
−2(f ′))↼ ν−3H ◦ S
−1(h22)) ⊲⊳ ν
−2
H (h21)h
′,
for all f, f ′ ∈ H∗ and h, h′ ∈ H, where µ = ν∗−1H : H
∗ −→ H∗ : µ(f)(h) = f(ν−1H (h)) and
(f • g)(h) = f(ν−2H (h1))g(ν
−2
H (h2)) = 〈f, ν
−2
H (h1)〉〈g, ν
−2
H (h2)〉,
⇀: H ⊗H∗ −→ H∗, (h ⇀ f)(h′) = f(ν−2H (h
′)h),
↼: H∗ ⊗H −→ H∗, (f ↼ h)(h′) = f(hν−2H (h
′)).
Theorem 1.3. With the notations and definition as above, (D(H), µ ⊗ νH) is a quasi-
triangular Hom-Hopf algebra. Its structure is given as follows:
• The counit is εD(f ⊲⊳ h) = f(1H)εH(h) = 〈f, 1H〉εH(h), for all f ∈ H
∗, h ∈ H;
• The comultiplication is given by the formula
∆D : D(H) −→ D(H)⊗D(H), ∆D(f ⊲⊳ h) = (f2 ◦ ν
−2
H ⊲⊳ h1)⊗ (f1 ◦ ν
−2
H ⊲⊳ h2),
where we denoted m∗H : H
∗ −→ H∗ ⊗H∗, the dual of mH , defined by m
∗
H(f) = f1 ⊗ f2 if
and only if f(hh′) = f1(ν
2(h))f2(ν
2(h′)) = 〈f1, ν
2(h)〉〈f2, ν
2(h′)〉, for all h, h′ ∈ H;
• The antipode is defined by
SD(f ⊲⊳ h) = (εH ⊲⊳ S(ν
−1
H (h)))(f ◦ νH ◦ S
−1 ⊲⊳ 1H),
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for all f ∈ H∗, h ∈ H;
• The quasitriangular structure is
R =
∑
i
(εH ⊲⊳ ν
−1
H (ei))⊗ (e
i ⊲⊳ 1H) ∈ D(H)⊗D(H),
where {ei}, {e
i} is a pair of dual bases in H and H∗. It satisfies the extra condition
((µ ⊗ νH)⊗ (µ ⊗ νH))(R) = R.
2 Yetter Drinfel’d module for Hom-Hopf T-coalgebra
In this section, we give the definition of left-right α-Yetter-Drinfel’d modules over
a Hom-Hopf T-coalgebra H with bijective antipode and bijective ν, and show how to
construct the category YD(H) of Yetter-Drinfel’d modules over H, which is a braided
T-category.
Definition 2.1. Let M be a vector space, ζM : M −→ M a linear map and α ∈ π. A
left-right α-Yetter-Drinfel’d module or, simply, a YDα-module is a triple (M, ζM , ρ
M =
{ρMγ }γ∈pi) such that the following conditions hold.
• (M, ζM ) is a unital left (Hα, να)-module;
• (M, ζM ) is a counital right (H, ν)-comodule in the sense that there are a family of linear
maps ρM = {ρMγ }γ∈pi, ρ
M
γ :M −→M ⊗Hγ via ρ
M
γ (m) = m(0) ⊗m(1,γ) such that
m(0)(0) ⊗ (m(0)(1,γ) ⊗ νs(m(1,s))) = ζM (m(0))⊗∆γ,s(m(1,γs)), (2.1)
m(0)ε(m(1,e)) = ζM (m), ρ
M
γ (ζM (m)) = ζM (m(0))⊗ νγ(m(1,γ)), (2.2)
for any m ∈M , with γ, s ∈ π;
• The compatibility condition
να(h(1,α)) ·m(0) ⊗ ν
2
γ(h(2,γ))νγ(m(1,γ)) = (h(2,α) ·m)(0) ⊗ (h(2,α) ·m)(1,γ)ν
2
γϕα−1(h(1,αγα−1)),
(2.3)
for any h ∈ Hαγ and m ∈M , with α, γ ∈ π.
If (M, ζM , ρ
M
γ ) and (N, ζN , ρ
N
γ ) are two YDα-modules, a morphism of YDα-modules
f : (M, ζM , ρ
M
γ ) −→ (N, ζN , ρ
N
γ ) is a Hα-linear map f :M −→ N such that, for any γ ∈ π,
f ◦ ζM = ζN ◦ f, (2.4)
(f ⊗Hγ) ◦ ρ
M
γ = ρ
N
γ ◦ f. (2.5)
The axiom (2.5) can be rewritten as f(m(0)) ⊗m(1,γ) = (f(m))(0) ⊗ (f(m))(1,γ), for any
m ∈M , with γ ∈ π.
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We denote by YD(H)α the category of left-right α-Yetter-Drinfel’d modules, the ob-
jects in YD(H)α are YDα-modules, the morphisms are defined as above, and the compo-
sition of morphisms of YDα-modules is the standard composition of the underlying linear
maps.
Remark 2.2. Equality (2.3) is equivalent to the following:
(h·m)(0)⊗(h·m)(1,γ) = ν
−1
α (h(21,α))·m(0)⊗(ν
−2
γ (h(22,γ))ν
−1
γ (m(1,γ)))S
−1
γ ϕα−1(h(1,αγ−1α−1)),
for any h ∈ Hα and m ∈M .
Example 2.3. (1) Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf T-coalgebra. We
define a left (H, ν)-action via
h · g =


(ν−2α (h(2,α))ν
−1
α (g))S
−1
α (ν
−1
α−1
(h(1,α−1))) for any h ∈ He, g ∈ Hα, with α ∈ π;
0 otherwise.
and a right (H, ν)-coaction via the comultiplication ∆ = {∆α,β}α,β∈pi. Then (H, ν) is a
left-right e-Yetter-Drinfel’d module.
(2) Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf T-coalgebra. We define a left
(Hα, να)-action via the multiplication m = {mα}α∈pi and a right (H, ν)-coaction via
ρHα (h) = ν
−1
α (h(21,α))⊗ ν
−2
α (h(22,α))ν
−1
α S
−1
α (h(1,α−1)), ∀ h ∈ Hα.
Then (H, ν) is a left-right α-Yetter-Drinfel’d module.
(3) We define the left (H, ν)-action on Hβ ⊗Hα (with α, β ∈ π) by
h · (x⊗ y) := νβ(x)⊗ ν
−1
α (h)y,
for any h ∈ Hα, x ∈ Hβ, y ∈ Hα, and define the right (H, ν)-coaction on Hβ ⊗Hα by
ρHβ⊗Hα(x⊗ y) := x(1,βα−1) ⊗ ν
−1
α (y(21,α))⊗ (ν
−2
α (y(22,α))x(2,α))S
−1
α (y(1,α−1)),
for any x ∈ Hβ, y ∈ Hα. Then (Hβ⊗Hα, νβ⊗να, ρ
Hβ⊗Hα) is a left-right α-Yetter-Drinfel’d
module.
(4) (k, Idk) is a left-right e-Yetter-Drinfel’d module with the left (He, νe)-action via the
trivial structures
h · k =


ε(h)k for any h ∈ He, k ∈ k;
0 otherwise.
and right (H, ν)-coaction ρkγ(k) = k ⊗ 1Hγ .
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Proposition 2.4. If (M, ζM , ρ
M ) ∈ YD(H)α, (N, ζN , ρ
N ) ∈ YD(H)β , then (M⊗N, ζM⊗
ζN ) ∈ YD(H)αβ , with the module and comodule structures defined as follows:
h · (m⊗ n) = h(1,α) ·m⊗ h(2,β) · n,
ρM⊗Nγ (m⊗ n) = m(0) ⊗ n(0) ⊗ ν
−2
γ (n(1,γ))ν
−2
γ ϕβ−1(m(1,βγβ−1)),
for any m ∈M,n ∈ N and h ∈ Hαβ.
Proof. It is obvious to check that (M ⊗ N, ζM ⊗ ζN ) is a left (Hαβ , ναβ)-module and a
right (H, ν)-comodule, we only need to compute the following compatibility condition
ναβ(h(1,αβ)) · (m⊗ n)(0) ⊗ ν
2
γ(h(2,γ))νγ((m⊗ n)(1,γ))
= ναβ(h(1,αβ)) · (m(0) ⊗ n(0))⊗ ν
2
γ(h(2,γ))(ν
−1
γ (n(1,γ))ν
−1
γ ϕβ−1(m(1,βγβ−1)))
= να(h(11,α)) ·m(0) ⊗ νβ(h(12,β)) · n(0) ⊗ (νγ(h(2,γ))ν
−1
γ (n(1,γ)))ϕβ−1(m(1,βγβ−1))
= ν2α(h(1,α)) ·m(0) ⊗ νβ(h(21,β)) · n(0) ⊗ (h(22,γ)ν
−1
γ (n(1,γ)))ϕβ−1(m(1,βγβ−1))
= ν2α(h(1,α)) ·m(0) ⊗ νβ(h(21,β)) · n(0) ⊗ ν
−2
γ (ν
2
γ(h(22,γ))νγ(n(1,γ)))ϕβ−1(m(1,βγβ−1))
= ν2α(h(1,α)) ·m(0) ⊗ (h(22,β) · n)(0)
⊗ ν−2γ ((h(22,β) · n)(1,γ)ν
2
γϕβ−1(h(21,βγβ−1)))ϕβ−1(m(1,βγβ−1))
= ν2α(h(1,α)) ·m(0) ⊗ (h(22,β) · n)(0)
⊗ (ν−2γ ((h(22,β) · n)(1,γ))ϕβ−1(h(21,βγβ−1)))ϕβ−1(m(1,βγβ−1))
= ν2α(h(1,α)) ·m(0) ⊗ (h(22,β) · n)(0)
⊗ ν−1γ ((h(22,β) · n)(1,γ))(ϕβ−1(h(21,βγβ−1))ν
−1
γ ϕβ−1(m(1,βγβ−1)))
= να(h(11,α)) ·m(0) ⊗ (νβ(h(2,β)) · n)(0)
⊗ ν−1γ ((νβ(h(2,β)) · n)(1,γ))(ϕβ−1(h(12,βγβ−1))ν
−1
γ ϕβ−1(m(1,βγβ−1)))
= να(h(11,α)) ·m(0) ⊗ (νβ(h(2,β)) · n)(0)
⊗ ν−1γ ((νβ(h(2,β)) · n)(1,γ))ν
−2
γ ϕβ−1(ν
2
βγβ−1(h(12,βγβ−1))νβγβ−1(m(1,βγβ−1)))
= (h(12,α) ·m)(0) ⊗ (νβ(h(2,β)) · n)(0)
⊗ ν−1γ ((νβ(h(2,β)) · n)(1,γ))(ν
−2
γ ϕβ−1((h(12,α) ·m)(1,βγβ−1))ϕβ−1α−1(h(11,αβγβ−1α−1)))
= (h(12,α) ·m)(0) ⊗ (νβ(h(2,β)) · n)(0)
⊗ (ν−2γ ((νβ(h(2,β)) · n)(1,γ))ν
−2
γ ϕβ−1((h(12,α) ·m)(1,βγβ−1)))νγϕβ−1α−1(h(11,αβγβ−1α−1))
= (h(21,α) ·m)(0) ⊗ (h(22,β) · n)(0)
⊗ ν−2γ ((h(22,β) · n)(1,γ)ϕβ−1((h(21,α) ·m)(1,βγβ−1)))ν
2
γϕβ−1α−1(h(1,αβγβ−1α−1))
= (h(21,α) ·m⊗ h(22,β) · n)(0) ⊗ (h(21,α) ·m⊗ h(22,β) · n)(1,γ)ν
2
γϕβ−1α−1(h(1,αβγβ−1α−1))
= (h(2,αβ) · (m⊗ n))(0) ⊗ (h(2,αβ) · (m⊗ n))(1,γ)ν
2
γϕβ−1α−1(h(1,αβγβ−1α−1)).
This completes the proof.
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Proposition 2.5. Let (M, ζM , ρ
M ) ∈ YD(H)α, (N, ζN , ρ
N ) ∈ YD(H)β and (P, ζP , ρ
P ) ∈
YD(H)γ , with notation as above, such that ζM , ζN , ζP are bijective. We define the linear
maps
aM,N,P : (M ⊗N)⊗P −→M ⊗ (N ⊗P ), aM,N,P ((m⊗ n)⊗ p) = ζ
−1
M (m)⊗ (n⊗ ζP (p)),
lM : k⊗M −→M, lM (k ⊗m) = kζ
−1
M (m),
rM :M ⊗ k −→M, rM (m⊗ k) = kζ
−1
M (m).
Then a, l and r are associative constraint, left unit constraint and right unit constraint,
respectively.
Proof. Obviously aM,N,P is a isomorphism and satisfies aM,N,P ◦ ((ζM ⊗ ζN ) ⊗ ζP ) =
(ζM ⊗ (ζN ⊗ ζP )) ◦ aM,N,P . we firstly prove that aM,N,P is H-linear. For any h ∈ Hαβγ ,
m ∈M , n ∈ N and p ∈ P , we have
aM,N,P ◦ (h · ((m⊗ n)⊗ p))
= aM,N,P ((h(11,α) ·m⊗ h(12,β) · n)⊗ h(2,γ) · p)
= ζ−1M (h(11,α) ·m)⊗ (h(12,β) · n⊗ ζγ(h(2,γ) · p))
= ν−1(h(11,α)) · ζ
−1
M (m)⊗ (h(12,β) · n⊗ ν(h(2,γ)) · ζγ(p))
= h(1,α) · ζ
−1
M (m)⊗ (h(21,β) · n⊗ h(22,γ) · ζγ(p))
= h · aM,N,P ((m⊗ n)⊗ p)
Similarly, we can easily check that aM,N,P is H-colinear and a satisfies the Pentagon
Axiom.
Next, we verify that l and r are unit constraints, with definition as above, it is easy to
check that l and r are natural isomorphisms, and their inverses are
l−1M (m) = 1k ⊗ ζM (m);
r−1M (m) = ζM (m)⊗ 1k,
respectively.
Finally, for any m ∈ M , k ∈ k and n ∈ N , we get (M ⊗ lN ) ◦ aM,k,N((m ⊗ k) ⊗ n) =
(M ⊗ lN )(ζ
−1
M (m)⊗ (k⊗ ζN(n))) = ζ
−1
M (m)⊗ kn = (rM ⊗N)((m⊗ k)⊗n), so the Triangle
Axiom holds.
This finishes the proof.
Proposition 2.6. Let (N, ζN , ρ
N ) ∈ YD(H)β and α ∈ π. Set
αN = N as a vector space.
Take n ∈ N , we denote by αn (αf, resp.) the corresponding element (morphism, resp.)
in αN , and its structures defined as follows:
h ·αn =α(ϕα−1(h) · n),
11
ρ
αN
γ (
αn) =α(n(0))⊗ ϕα(n(1,α−1γα)),
for any n ∈ N and h ∈ Hαβα−1 . Then
αN ∈ YD(H)αβα−1 .
Proof. It is obvious to show that (M ⊗ N, ζM ⊗ ζN ) is a left (Hαβ , ναβ)-module and a
right (H, ν)-comodule. In the following, we verify that the equation (2.3) holds. For any
αn ∈αN and h ∈ Hαβα−1 , we have
ναβα−1(h(1,αβα−1)) · (
αn)(0) ⊗ ν
2
γ(h(2,γ))νγ((
αn)(1,γ))
= ναβα−1(h(1,αβα−1)) ·
α(n(0))⊗ ν
2
γ(h(2,γ))νγϕα(n(1,α−1γα))
=α(νβϕα−1(h(1,αβα−1)) · n(0))⊗ ν
2
γ(h(2,γ))νγϕα(n(1,α−1γα))
=α((ϕα−1(h(2,αβα−1)) · n)(0))
⊗ ϕα((ϕα−1(h(2,αβα−1)) · n)(1,α−1γα))ν
2
γϕαβ−1α−1(h(1,αβα−1γαβ−1α−1))
= (α(ϕα−1(h(2,αβα−1)) · n))(0)
⊗ (α(ϕα−1(h(2,αβα−1)) · n))(1,γ)ν
2
γϕαβ−1α−1(h(1,αβα−1γαβ−1α−1))
= (h(2,αβα−1) ·
αn)(0) ⊗ (h(2,αβα−1) ·
αn)(1,γ)ν
2
γϕαβ−1α−1(h(1,αβα−1γαβ−1α−1)).
This completes the proof.
Remark 2.7. Let (M, ζM , ρ
M ) ∈ YD(H)α, (N, ζN , ρ
N ) ∈ YD(H)β and p, q ∈ π, then we
have p⊗qM =p(qM) as an object in YD(H)pqαq−1p−1, and
p(M⊗N) =pM⊗pN as an object
of YD(H)pαβp−1 .
Proposition 2.8. Let (M, ζM , ρ
M ) ∈ YD(H)α and (N, ζN , ρ
N ) ∈ YD(H)β . Set
MN =αN
as an object in YD(H)αβα−1 . We define a map cM,N :M ⊗N −→
MN ⊗M via
cM,N (m⊗ n) = ζ
−1
N
α(ν−1β Sβ−1(m(1,β−1)) · n)⊗ ζ
−1
M (m(0)),
for any m ∈ M and n ∈ N . Then cM,N is (H, ν)-linear, (H, ν)-colinear and satisfies the
following formulae
a−1M⊗NP,M,N ◦ cM⊗N,P ◦ a
−1
M,N,P = (cM,NP ⊗N) ◦ a
−1
M,NP,N
◦ (M ⊗ cN,P ), (2.6)
aMN,MP,M ◦ cM,N⊗P ◦ aM,N,P = (
MN ⊗ cM,P ) ◦ aMN,M,P ◦ (cM,N ⊗ P ), (2.7)
for any (P, ζP , ρ
P ) ∈ YDγ(H). Moreover, for any q ∈ π, we have
q(·) ◦ cM,N = c qM,qN .
Proof. We firstly prove that cM,N is (H, ν)-linear as follows:
cM,N (hαβ · (m⊗ n))
= cM,N (h(1,α) ·m⊗ h(2,β) · n)
= ζ−1N
α(ν−1β Sβ−1((h(1,α) ·m)(1,β−1)) · (h(2,β) · n))⊗ ζ
−1
M ((h(1,α) ·m)(0))
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= ζ−1N
α(ν−1β Sβ−1((ν
−2
β−1
(h(122,β−1))ν
−1
β−1
(m(1,β−1)))S
−1
β−1
ϕα−1(h(11,αβα−1))) · (h(2,β) · n))
⊗ ζ−1M (ν
−1
α (h(121,α)) ·m(0))
= ζ−1N
α(ν−1β ϕα−1(h(11,αβα−1))(ν
−2
β Sβ−1(m(1,β−1))ν
−3
β Sβ−1(h(122,β−1))) · (h(2,β) · n))
⊗ ν−2α (h(121,α)) · ζ
−1
M (m(0))
= ζ−1N
α(((ν−2β ϕα−1(h(11,αβα−1))(ν
−3
β Sβ−1(m(1,β−1))ν
−4
β Sβ−1(h(122,β−1))))h(2,β) · ζ(n)))
⊗ ν−2α (h(121,α)) · ζ
−1
M (m(0))
= ζ−1N
α(ν−1β ϕα−1(h(11,αβα−1))[ν
−2
β Sβ−1(m(1,β−1))(ν
−4
β Sβ−1(h(122,β−1))ν
−2
β (h(2,β)))]
· ζ(n))⊗ ν−2α (h(121,α)) · ζ
−1
M (m(0))
= ζ−1N
α(ϕα−1(h(1,αβα−1))[ν
−2
β Sβ−1(m(1,β−1))(ν
−4
β Sβ−1(h(221,β−1))ν
−4
β (h(222,β)))]
· ζ(n))⊗ ν−1α (h(21,α)) · ζ
−1
M (m(0))
= ζ−1N
α(ϕα−1(h(1,αβα−1))ν
−1
β Sβ−1(m(1,β−1)) · ζ(n))⊗ h(2,α) · ζ
−1
M (m(0))
= ζ−1N
α(νβϕα−1(h(1,αβα−1)) · ν
−1
β Sβ−1(m(1,β−1)) · n)⊗ h(2,α) · ζ
−1
M (m(0))
= ζ−1N (ναβα−1(h(1,αβα−1)) ·
α(ν−1β Sβ−1(m(1,β−1)) · n))⊗ h(2,α) · ζ
−1
M (m(0))
= hαβ · (ζ
−1
N
α(ν−1β Sβ−1(m(1,β−1)) · n)⊗ ζ
−1
M (m(0)))
= hαβ · cM,N ((m⊗ n)).
The fact that cM,N is (H, ν)-colinear is similar. Next, we only prove that equation (2.6)
holds, the check of equation (2.7) is similar,
(a−1M⊗NP,M,N ◦ cM⊗N,P ◦ a
−1
M,N,P )(m⊗ (n⊗ p))
= (a−1M⊗NP,M,N ◦ cM⊗N,P )((ζM (m)⊗ n)⊗ ζ
−1
P (p))
= a−1M⊗NP,M,N(ζ
−1
P
α⊗β(ν−1γ Sγ−1((ζM (m)⊗ n)(1,γ−1)) · ζ
−1
P (p))
⊗ ζ−1M⊗N ((ζM (m)⊗ n)(0)))
= a−1M⊗NP,M,N(ζ
−1
P
α⊗β(ν−1γ Sγ−1(ν
−2
γ−1
(n(1,γ−1))ν
−2
γ−1
ϕβ−1(ζM (m)(1,βγ−1β−1)))
· ζ−1P (p))⊗ ζ
−1
M⊗N (ζM (m)(0) ⊗ n(0)))
= a−1M⊗NP,M,N(ζ
−1
P
α⊗β[ν−1γ Sγ−1 [ν
−2
γ−1
(n(1,γ−1))ν
−1
γ−1
ϕβ−1(m(1,βγ−1β−1))] · ζ
−1
P (p)]
⊗ [m(0) ⊗ ζ
−1
N (n(0))])
= [α⊗β [ν−1γ Sγ−1 [ν
−2
γ−1
(n(1,γ−1))ν
−1
γ−1
ϕβ−1(m(1,βγ−1β−1))] · ζ
−1
P (p)]⊗m(0)]⊗ ζ
−2
N (n(0))
= [ζ−1P
α⊗β [[ν−1γ Sγ−1ϕβ−1(m(1,βγ−1β−1))ν
−2
γ Sγ−1(n(1,γ−1))] · p]⊗m(0)]⊗ ζ
−2
N (n(0))
= (ζ−1P
α((ν−1
βγβ−1
Sβγ−1β−1(m(1,βγ−1β−1))ϕβν
−2
γ Sγ−1(n(1,γ−1))) ·
βp)
⊗m(0))⊗ ζ
−2
N (n(0))
= (ζ−1P
α(Sβγ−1β−1(m(1,βγ−1β−1)) · (ϕβν
−2
γ Sγ−1(n(1,γ−1)) · ζ
−1
P (
βp)))
⊗m(0))⊗ ζ
−2
N (n(0))
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= (ζ−1P
α(Sβγ−1β−1(m(1,βγ−1β−1)) · [ζ
−1
P
β(ν−1γ Sγ−1(n(1,γ−1)) · p)])
⊗m(0))⊗ ζ
−2
N (n(0))
= (ζ−1P
α(ν−1
βγβ−1
Sβγ−1β−1(ζM (m)(1,βγ−1β−1)) · [ζ
−1
P
β(ν−1γ Sγ−1(n(1,γ−1)) · p)])
⊗ ζ−1M (ζM (m)(0)))⊗ ζ
−2
N (n(0))
= (cM,NP ⊗N)((ζM (m)⊗ ζ
−1
P
β(ν−1γ Sγ−1(n(1,γ−1)) · p))⊗ ζ
−2
N (n(0)))
= ((cM,NP ⊗N) ◦ a
−1
M,NP,N
)(m⊗ (ζ−1P
β(ν−1γ Sγ−1(n(1,γ−1)) · p)⊗ ζ
−1
N (n(0))))
= ((cM,NP ⊗N) ◦ a
−1
M,NP,N
◦ (M ⊗ cN,P ))(m⊗ (n⊗ p)).
We finally prove the equation q(·) ◦ cM,N = c qM,qN . For any m ∈ M and n ∈ N , with
q ∈ π, we have
c qM,qN (
qm⊗qn)
= ζ−1N
qαq−1(ν−1
qβq−1
Sqβ−1q−1((
qm)(1,qβ−1q−1)) ·
qn)⊗ ζ−1M ((
qm)(0))
= ζ−1N
qαq−1(q(ϕq−1ν
−1
qβq−1
Sqβ−1q−1(ϕq(m(1,β−1))) · n))⊗ ζ
−1
M (
q(m(0)))
= q(ζ−1N
α(ϕq−1ν
−1
qβq−1
Sqβ−1q−1(ϕq(m(1,β−1))) · n))⊗ ζ
−1
M (
q(m(0)))
= q(ζ−1N
α(ν−1β Sβ−1(m(1,β−1)) · n))⊗
q(ζ−1M (m(0)))
= (q(·) ◦ cM,N )(m⊗ n).
This completes the proof.
Note that cM,N is bijective, and its inverse is c
−1
M,N : (
MN)⊗M −→M⊗N : αn⊗m 7→
ζ−1M (m(0))⊗ ζ
−1
N (ν
−1
β (m(1,β)) · n).
We denote the disjoint union of all YD(H)α (with α ∈ π) by YD(H). If we endowed
YD(H) with tensor product defined as in Proposition 2.4, then it becomes a monoidal
category with unit k as object in YD(H) (refer to Example 2.3 (4)).
The group homomorphism ϕ : π −→ aut(YD(H)) by α 7→ ϕα is given on components
as
ϕα : YD(H)β −→ YD(H)αβα−1 via ϕα(N) =
αN,
where the functor ϕα acts as follows: given a morphism f : (M, ζM , ρ
M ) −→ (N, ζN , ρ
N )
in YD(H)β , for any m ∈M , we set (
αf)(αm) =α(f(m)). The braiding in YD(H) is given
by the family {cM,N}. As a consequence of the above results, we get the main result of
this section.
Theorem 2.9. YD(H) is a braided T -category over π.
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3 The center construction of the representations of a Hom-
Hopf T-coalgebra
In this section, let (H = {Hα}α∈pi, ν = {να}α∈pi) be a Hom-Hopf T-coalgebra. We
give the definition of crossed category Rep(H) of representations over (H = {Hα}α∈pi, ν =
{να}α∈pi). Then, we show that the category YD(H) of Yetter-Drinfel’d modules defined
as in the previous section is a full subcategory of the center Z(Rep(H)) of the category of
representations.
Definition 3.1. Let H be a Hom-Hopf group-coalgebra. The crossed category Rep(H) of
representations is defined as follows:
• For all α ∈ π, the αth component of Rep(H), denoted Rep(H)α, is the category of
representations of algebra Hα;
• The tensor product (M ⊗ N, ζM⊗N ) of (M, ζM ) ∈ Rep(H)α and (N, ζN ) ∈ Rep(H)β
(with α, β ∈ π) is given by the tensor product of k-vector spaces M ⊗N equipped with the
action of Hαβ defined by h · (m⊗n) = h(1,α) ·m⊗ h(2,β) · n, for any h ∈ Hαβ , m ∈M and
n ∈ N ;
• The tensor product of two morphisms f ∈ Rep(H)α and g ∈ Rep(H)β is obtained by
the tensor product of k-linear morphisms, i.e. the forgetful functor from Rep(H) to the
category of vector spaces over k is faithful;
• The unit I is the ground field k endowed with the action of He given by h · k = ε(h)k,
for any h ∈ He, k ∈ k;
• Given β ∈ π, we need to introduce the functor β(·). Let ϕβ : Hα −→ Hβαβ−1 be the
algebra isomorphism, and let (M, ζM ) be in Rep(H)α, with α ∈ π.
βM = M as a vector
space. We denote βm the corresponding element in βM , for any m ∈ M . The action of
Hβαβ−1 on
βM is defined by
h ·βm =β(ϕβ−1(h) ·m), ∀ m ∈M and h ∈ Hβαβ−1 .
The objects of Rep(H) are called representations of H.
Theorem 3.2. YD(H) is a full subcategory of Z(Rep(H)).
Proof. Take α ∈ π, for any (M, ζM , ρ
M ) ∈ YDα(H), we firstly check that (M, ζM , σM, ) is
an object in Z(Rep(H))α. For any (X, ζX) ∈ Rep(H)p (with p ∈ π), we define a map
σM,X(m⊗ x) = ζ
−1
X
α(ν−1p Sp−1(m(1,p−1)) · x)⊗ ζ
−1
M (m(0)),∀ m ∈M, x ∈ X.
• Naturality: Let us verify that σM, is a natural transformation from the functorM⊗ to
the functorM ( )⊗M . Given (X1, ζX1), (X2, ζX2) ∈ Rep(H)p (with p ∈ π) and a Hp-linear
map f : X1 −→ X2, then for anym ∈M and x ∈ X1, we have (((
αf)⊗M)◦σM,X1)(m⊗x) =
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((αf)⊗M)(ζ−1X1
α(ν−1p Sp−1(m(1,p−1)) · x)⊗ ζ
−1
M (m(0))) = ζ
−1
X2
α(ν−1p Sp−1(m(1,p−1)) · f(x))⊗
ζ−1M (m(0)) = (σM,X2 ◦ (M ⊗ f))(m ⊗ x), where the second equality follows by f is a Hp-
linear map.
• Invertibility: Let (X, ζX ) ∈ Rep(H)p, with p ∈ π. We define
σ̂M,X : (
MX)⊗M −→M ⊗X : x⊗m 7→ ζ−1M (m(0))⊗ ζ
−1
X (ν
−1
p (m(1,p)) ·
α−1x).
Let us check that σ̂M,X is the inverse of σM,X . For any m ∈M and x ∈ X, we have
(σ̂M,X ◦ σM,X)(m⊗ x)
= σ̂M,X(ζ
−1
X
α(ν−1p Sp−1(m(1,p−1)) · x)⊗ ζ
−1
M (m(0)))
= ζ−1M ((ζ
−1
M (m(0)))(0))⊗ ζ
−1
X (ν
−1
p ((ζ
−1
M (m(0)))(1,p)) ·
α−1(ζ−1X
α(ν−1p Sp−1(m(1,p−1)) · x)))
= ζ−2M (m(0)(0))⊗ ζ
−1
X (ν
−2
p (m(0)(1,p)) · ζ
−1
X (ν
−1
p Sp−1(m(1,p−1)) · x))
= ζ−2M (m(0)(0))⊗ ζ
−1
X (ν
−2
p (m(0)(1,p)) · (ν
−2
p Sp−1(m(1,p−1)) · ζ
−1
X (x)))
= ζ−2M (m(0)(0))⊗ ζ
−1
X ((ν
−3
p (m(0)(1,p))ν
−2
p Sp−1(m(1,p−1))) · x)
= ζ−1M (m(0))⊗ ζ
−1
X ((ν
−3
p (m(1)(1,p))ν
−3
p Sp−1((m(1))(2,p−1))) · x)
= m⊗ x,
where the sixth equality rely on relation (2.1). The fact that σM,X ◦ σ̂M,X = id is similar.
• Linearity: Let (X, ζX) ∈ Rep(H)p, with p ∈ π. It is easy to check that σ̂M,X (instead of
σM,X) is Hαp-linear. For any m ∈ M , y ∈
αX, and h ∈ Hαp, we have h · σ̂M,X(y ⊗m) =
h · (ζ−1M (m(0)) ⊗ ζ
−1
X (ν
−1
p (m(1,p)) ·
α−1y)) = h(1,α) · ζ
−1
M (m(0)) ⊗ h(2,p) · ζ
−1
X (ν
−1
p (m(1,p)) ·
α−1y) = h(1,α) · ζ
−1
M (m(0)) ⊗ (ν
−1
p (h(2,p))ν
−2
p (m(1,p))) ·
α−1y = ζ−1M (να(h(1,α)) · m(0)) ⊗
ν−3p (ν
2
p(h(2,p))νp(m(1,p)))·
α−1y = ζ−1M ((h(2,α)·m)(0))⊗ν
−3
p (((h(2,α)·m)(1,p))ν
2
pϕα−1(h(1,αpα−1)))·
α−1y = ζ−1M ((h(2,α) ·m)(0))⊗ζ
−1
X (ν
−1
p ((h(2,α) ·m)(1,p)) ·
α−1(h(1,αpα−1) ·y)) = σ̂M,X(h(1,αpα−1) ·
y ⊗ h(2,α) ·m) = σ̂M,X(h · (y ⊗m)), where the fifth equality follows by the compatibility
condition (2.3).
• Half-braiding axiom: We have to prove that (M, cM, ) satisfies the relation (1.2.3). Let
(X, ζX) ∈ Rep(H)p and (Y, ζY ) ∈ Rep(H)q, with p, q ∈ π. we only need to check that
aMX,MY,M ◦σM,X⊗Y ◦aM,X,Y ((m⊗x)⊗y) = (
MX⊗cM,Y )◦aMX,M,Y ◦(cM,X⊗Y )((m⊗x)⊗y),
for any m ∈M , x ∈ X and y ∈ Y . We compute the left hand side as follows:
LHS = (aMX,MY,M ◦ σM,X⊗Y )(ζ
−1
M (m)⊗ (x⊗ ζY (y)))
= aMX,MY,M (ζ
−1
X⊗Y
α(ν−1βγ Sγ−1β−1(ζ
−1
M (m)(1,γ−1β−1)) · (x⊗ ζY (y)))⊗ ζ
−1
M (ζ
−1
M (m)(0)))
= aMX,MY,M (ζ
−1
X⊗Y
α(ν−2βγ Sγ−1β−1(m(1,γ−1β−1)) · (x⊗ ζY (y))) ⊗ ζ
−2
M (m(0)))
= aMX,MY,M (ζ
−1
X⊗Y
α(ν−2β Sβ−1(m(1)(2,β−1)) · x⊗ ν
−2
γ Sγ−1(m(1)(1,γ−1)) · ζY (y))
⊗ ζ−2M (m(0)))
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= aMX,MY,M ((ζ
−1
X
α(ν−2β Sβ−1(m(1)(2,β−1)) · x)⊗ ζ
−1
Y
α(ν−2γ Sγ−1(m(1)(1,γ−1)) · ζY (y)))
⊗ ζ−2M (m(0)))
= ζ−2X
α(ν−2β Sβ−1(m(1)(2,β−1)) · x)⊗ (ζ
−1
Y
α(ν−2γ Sγ−1(m(1)(1,γ−1)) · ζY (y))⊗ ζ
−1
M (m(0)))
= ζ−2X
α(ν−1β Sβ−1(m(1,β−1)) · x)⊗ (ζ
−1
Y
α(ν−2γ Sγ−1(m(0)(1,γ−1)) · ζY (y))⊗ ζ
−2
M (m(0)(0))).
For the right hand side, we have
RHS = (((MX)⊗ σM,Y ) ◦ aMX,M,Y )((ζ
−1
X
α(ν−1β Sβ−1(m(1,β−1)) · x)⊗ ζ
−1
M (m(0)))⊗ y)
= ((MX)⊗ σM,Y )(ζ
−2
X
α(ν−1β Sβ−1(m(1,β−1)) · x)⊗ (ζ
−1
M (m(0))⊗ ζY (y)))
= ζ−2X
α(ν−1β Sβ−1(m(1,β−1)) · x)⊗ (ζ
−1
Y
α(ν−1γ Sγ−1((ζ
−1
M (m(0)))(1,γ−1)) · (ζY (y)))
⊗ ζ−1M ((ζ
−1
M (m(0)))(0)))
= ζ−2X
α(ν−1β Sβ−1(m(1,β−1)) · x)⊗ (ζ
−1
Y
α(ν−2γ Sγ−1(m(0)(1,γ−1)) · (ζY (y))) ⊗ ζ
−2
M (m(0)(0)).
This complete the proof that (M,σM, ) is an object of Z(Rep(H))α.
• Morphisms: Let (N, ζN , ρ
N ) be another object of YD(H)α. Given f : m −→ n in
YD(H)α, we prove that f gives rise to a morphism in Z(Rep(H))α. Let (X, ζX) ∈
Rep(H)p, with p ∈ π. For any m ∈ M and x ∈ X, we have (σN,X ◦ (f ⊗ X))(m ⊗ x) =
σN,X(f(m)⊗x) = ζ
−1
X
α(ν−1γ Sγ−1(f(m)(1,γ−1))·x)⊗ζ
−1
N (f(m)(0)) = ζ
−1
X
α(ν−1γ Sγ−1(m(1,γ−1))·
x) ⊗ ζ−1N (f(m(0))) = (
MX ⊗ f)(ζ−1X
α(ν−1γ Sγ−1(m(1,γ−1)) · x) ⊗ ζ
−1
N (m(0))) = ((
MX ⊗ f) ◦
σM,X)(m⊗ x), where the third equality follows by f is a H-colinear map.
Thus YD(H) is a subcategory of Z(Rep(H)).
Next we need to prove that YD(H) is a full subcategory. If (M, ζM , ρ
M ), (N, ζN , ρ
N ) ∈
YD(H)α, and f :M −→ N is a morphism in Z(Rep(H))α. Given λ ∈ π, we suppose that
the algebra Hλ is left module over itself via the action defined by the multiplication, then
for anym ∈M and g ∈αHλ, we get (σ
−1
N,Hλ
◦((αHλ)⊗f))(g⊗m) = ((f⊗Hλ)◦σ
−1
M,Hλ
)(g⊗m),
i.e.
ζ−1N (f(m)(0))⊗ ν
−1
λ (ν
−1
λ (f(m)(1,λ))
α−1g) = f(ζ−1M (m(0)))⊗ ν
−1
λ (ν
−1
λ (m(1,λ))
α−1g). (3.1)
If we evaluate this formula for g = α1Hλ , it follows that ζ
−1
N (f(m)(0)) ⊗ f(m)(1,λ) =
f(ζ−1M (m(0)))⊗m(1,λ), which means f satisfies Eq. (2.4) and (2.5). so f is a morphism in
YD(H)α.
This completes the proof.
4 Quasi-triangular Hom-T-coalgebra
In this section, we discuss the quasi-triangular structure of Hom-Hopf T-coalgebra.
The notation of quasi-triangular Hom-Hopf algebra [18] is generalized to the case of a
Hom-Hopf T-coalgebra. Let H be a Hom-Hopf T-coalgebra and H its mirror (Example
17
1.2) with the comultiplication ∆α,β = (ϕβ ⊗ Hβ−1) ◦ ∆β−1α−1β,β−1 for all α, β ∈ π. We
denote ∆
cop
α,β = σHα−1 ,Hβ−1(ϕβ ⊗Hβ−1) ◦∆β−1α−1β,β−1 for all α, β ∈ π.
Definition 4.1. A Hom-Hopf T-coalgebra (H = {Hα}α∈pi, ν = {να}α∈pi) is called a quasi-
triangular Hom-Hopf T-coalgebra, if it is equipped with a family of elements R = {Rα,β ∈
Hα ⊗Hβ}α,β∈pi (the universal R-matrix) such that
Rα,β∆α,β(h) = ∆
cop
β−1,α−1(h)Rα,β , ∀α, β ∈ π, h ∈ Hαβ, (4.1)
(∆α,β ⊗ νγ)(Rβ−1α−1,γ) = (Rα−1,γ)1β−13(Rβ−1,γ)α−123, ∀α, β, γ ∈ π, (4.2)
(να ⊗∆β,γ)(Rα,βγ) = (Rα,γ)1β3(Rα,β)12γ , ∀α, β, γ ∈ π, (4.3)
(ϕβ ⊗ ϕβ)(Rα,γ) = Rβαβ−1,βγβ−1 , ∀α, β ∈ π, (4.4)
where (Rα−1,γ)1β−13 = R
1
α−1
⊗ 1β−1 ⊗R
2
γ, (Rβ−1,γ)α−123 = 1α−1 ⊗Rβ−1,γ and (Rα,β)12γ =
Rα,β ⊗ 1γ , for all α, β, γ ∈ π.
Remark 4.2. (1) Re,e is an R-matrix for the Hom-Hopf algebra He = H. The definition
of Re,e = R can refer to [18].
(2) Since the unit of Hom-Hopf T-coalgebra H is not actually a multiplicative iden-
tity, it does not make much sense to talk about multiplicative inverse in a Hom-Hopf
T-coalgebra. In the following, we will not have to consider the invertibility of its quasi-
triangular structure.
In what follows, we will always write Rα,β =
∑
RR
1
α ⊗ R
2
β =
∑
r r
1
α ⊗ r
2
β, etc., with
α, β ∈ π.
Theorem 4.3. Let (H = {Hα}α∈pi, ν = {να}α∈pi, R = {Rα,β}α,β∈pi) be a quasi-triangular
Hom-Hopf T-coalgebra with ν bijective and (να ⊗ νβ)(Rα,β) = Rα,β (with α, β ∈ π). We
denote by Rep(H) the crossed category introduced as in Definition 3.1 whose objects are left
H-modules (M, ζM ) with ζM bijective. Then Rep(H) is quasi-braided, with associativity
constraints defined by aM,N,P ((m ⊗ n) ⊗ P ) = ζ
−1
M (m) ⊗ (n ⊗ ζP (p)) for any (M, ζM ) ∈
Rep(H)α, (N, ζN ) ∈ Rep(H)β and (P, ζP ) ∈ Rep(H)γ , with α, β, γ ∈ π, braiding defined
by cM,N : M ⊗ N −→ (
MN) ⊗ M : m ⊗ n 7→ ζ−1N (
α(R2β · n)) ⊗ ζ
−1
M (R
1
α · m) for any
M ∈ Rep(H)α and N ∈ Rep(H)β , with α, β ∈ π.
Proof. First we have to check that cM,N is Hαβ-linearity. For any h ∈ Hαβ, with α, β ∈ π,
we have
cM,N (h · (m⊗ n))
= cM,N (h(1,α) ·m⊗ h(2,β) · n)
= ζ−1N (
α(R2β · (h(2,β) · n)))⊗ ζ
−1
M (R
1
α · (h(1,α) ·m))
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= ζ−1N (
α((ν−1β (R
2
β)h(2,β)) · ζN (n))) ⊗ ζ
−1
M ((ν
−1
α (R
1
α)h(1,α)) · ζM (m))
= ζ−1N (
α((R2βh(2,β)) · ζN (n)))⊗ ζ
−1
M ((R
1
αh(1,α)) · ζM (m))
= ζ−1N (
α((ϕα−1(h(1,αβα−1))R
2
β) · ζM (m)))⊗ ζ
−1
M ((h(2,α)R
1
α) · ζN (n))
= ζ−1N (
α(νβϕα−1(h(1,αβα−1)) · (R
2
β ·m)))⊗ ζ
−1
M (να(h(2,α)) · (R
1
α · n))
= h(1,αβα−1) · ζ
−1
N (
α(R2β · n))⊗ h(2,α) · ζ
−1
M (R
1
α ·m))
= h · (ζ−1N (
α(R2β · n))⊗ ζ
−1
M (R
1
α ·m))
= h · cM,N (m⊗ n),
where the fourth equality follows by (να ⊗ νβ)(Rα,β) = Rα,β (with α, β ∈ π) and the fifth
one follows by relation (4.1).
Next, we check that the family {cM,N} satisfy relation (1.2.1), the proof for the relation
(1.2.2) is similar. For any m ∈M , n ∈ N and p ∈ P , we have
aMN,MP,M ◦ cM,N⊗P ◦ aM,N,P ((m⊗ n)⊗ p)
= (aMN,MP,M ◦ cM,N⊗P )(ζ
−1
M (m)⊗ (n⊗ ζP (p)))
= aMN,MP,M(ζ
−1
N⊗P
α(R2βγ · (n⊗ ζP (p)))⊗ ζ
−1
M (R
1
α · ζ
−1
M (m)))
= aMN,MP,M(ζ
−1
N⊗P
α(R2(1,β) · n⊗R
2
(2,γ) · ζP (p))⊗ ζ
−1
M (R
1
α · ζ
−1
M (m)))
= aMN,MP,M((ζ
−1
N
α(R2(1,β) · n)⊗ ζ
−1
P
α(R2(2,γ) · ζP (p))) ⊗ ζ
−1
M (R
1
α · ζ
−1
M (m)))
= ζ−2N
α(R2(1,β) · n)⊗ (ζ
−1
P
α(R2(2,γ) · ζP (p))⊗R
1
α · ζ
−1
M (m))
= ζ−2N
α(νβ(R
2
β) · n)⊗ (ζ
−1
P
α(νγ(r
2
γ) · ζP (p))⊗ ν
−1
α (r
1
αR
1
α) · ζ
−1
M (m))
= ζ−2N
α(R2β · n)⊗ (ζ
−1
P
α(r2γ · ζP (p))⊗ ν
−2
α (r
1
αR
1
α) · ζ
−1
M (m)),
where the sixth equality follows by the relation (4.3) and the seventh one follows by
(να ⊗ νβ)(Rα,β) = Rα,β (with α, β ∈ π).
((MN ⊗ cM,P ) ◦ aMN,M,P ◦ (cM,N ⊗ P ))((m⊗ n)⊗ p)
= ((MN ⊗ cM,P ) ◦ aMN,M,P )((ζ
−1
N
α(R2β · n)⊗ ζ
−1
M (R
1
α ·m))⊗ p)
= (MN ⊗ cM,P )(ζ
−2
N
α(R2β · n)⊗ (ζ
−1
M (R
1
α ·m)⊗ ζP (p)))
= ζ−2N
α(R2β · n)⊗ (ζ
−1
P
α(r2γ · ζP (p))⊗ ζ
−1
M (r
1
α · ζ
−1
M (R
1
α ·m)))
= ζ−2N
α(R2β · n)⊗ (ζ
−1
P
α(r2γ · ζP (p))⊗ ζ
−1
M (r
1
α · (ν
−1
α (R
1
α) · ζ
−1
M (m))))
= ζ−2N
α(R2β · n)⊗ (ζ
−1
P
α(r2γ · ζP (p))⊗ ζ
−1
M (ν
−1
α (r
1
αR
1
α) ·m))
= ζ−2N
α(R2β · n)⊗ (ζ
−1
P
α(r2γ · ζP (p))⊗ ν
−2
α (r
1
αR
1
α) · ζ
−1
M (m)),
we easily find that the two terms are equal.
This completes the proof.
In what follows, we will check the fact that R satisfies two non-associative versions of
the quantum Yang-Baxter equations.
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Proposition 4.4. Let (H = {Hα}α∈pi, ν = {να}α∈pi, R = {Rα,β}α,β∈pi) be a quasi-
triangular Hom-Hopf T-coalgebra. Then R satisfies the following equations:
(Rα,β)12(((Hα ⊗ ϕβ−1)(Rα,βγβ−1))13(Rβ,γ)23) = ((Rβ,γ)23(Rα,γ)13)(Rα,β)12 (4.5)
and
((Rα,β)12((Hα ⊗ ϕβ−1)Rα,βγβ−1)13)(Rβ,γ)23 = (Rβ,γ)23((Rα,γ)13(Rα,β)12) (4.6)
Proof. We consider the first equation. Recall that (Rα,β)12 = Rα,β ⊗ 1γ , and we have
(τHα,Hβ ⊗Hγ)((Rβ,γ)23(Rα,γ)13) = (Rβ,γ)13(Rα,γ)23. We compute as follows:
((Rβ,γ)23(Rα,γ)13)(Rα,β)12
= ((τ ⊗Hγ) ◦ ((Rβ,γ)13(Rα,γ)23))(Rα,β)12
= ((τ ⊗Hγ) ◦ (ϕα−1 ⊗Hα ⊗Hγ)(((ϕα ⊗ i)(Rα−1αβα−1α,γ))13(Rα,γ)23))(Rα,β)12
= ((τ ⊗Hγ) ◦ (ϕα−1 ⊗Hα ⊗Hγ) ◦ (∆αβα−1,α ⊗Hγ)(Rαβ,γ))(Rα,β)12
= (Rα,β)12((∆α,β ⊗Hγ)(Rαβ,γ))
= (Rα,β)12(((ϕβ ⊗Hγ)(Rβ−1αβ,γ))13(Rβ,γ)23),
and
((Rβ,γ)23(Rα,γ)13)(Rα,β)12
= ((τ ⊗Hγ) ◦ ((Rβ,γ)13(Rα,γ)23))(Rα,β)12
= ((τ ⊗Hγ) ◦ (ϕα−1 ⊗Hα ⊗Hγ) ◦ (∆αβα−1,α ⊗ νγ)(Rαβ,γ))(Rα,β)12
= (Rα,β)12((∆α,β ⊗ νγ)(Rαβ,γ))
= (Rα,β)12((ϕβ ⊗Hβ ⊗Hγ)(((ϕβ−1 ⊗Hβ) ◦∆ββ−1αββ−1,β ⊗ νγ)(Rαβ,γ)))
= (Rα,β)12(((ϕβ ⊗Hγ)(Rβ−1αβ,γ))13(Rβ,γ)23),
we observe that the two terms are equal.
The other equation is proved in a similar way. Since (Rβ,γ)23 = 1α ⊗Rβ,γ and (Hα ⊗
τHβ ,Hγ )((Rα,β)12(Rα,γ)13) = (Rα,β)13(Rα,γ)12. We have
((Rα,β)12((Hα ⊗ ϕβ−1)Rα,βγβ−1)13)(Rβ,γ)23
= ((Hα ⊗ τHγ ,Hβ)((Rα,β)13((Hα ⊗ ϕβ−1)Rα,βγβ−1)12))(Rβ,γ)23
= ((Hα ⊗ τHγ ,Hβ) ◦ (Hα ⊗ ϕβ−1 ⊗Hβ)((Rα,β)13(Rα,βγβ−1)12))(Rβ,γ)23
= ((Hα ⊗ τHγ ,Hβ) ◦ (Hα ⊗ ϕβ−1 ⊗Hβ) ◦ (να ⊗∆βγβ−1,β)(Rα,βγ))(Rβ,γ)23
= (Rβ,γ)23((να ⊗∆β,γ)(Rα,βγ))
= (Rβ,γ)23((Rα,γ)13(Rα,β)12).
This completes the proof.
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Remark 4.5. If we suppose that R satisfies (να⊗ νβ) ◦Rα,β = Rα,β , with α, β ∈ π. Then
we can find that the two relation (4.5) and (4.6) coincide. We compute
((Rβ,γ)23(Rα,γ)13)(Rα,β)12
= (να(r
1
α)⊗ νβ(R
1
β)⊗R
2
γr
2
γ)(R̂
1
α ⊗ R̂
2
β ⊗ 1Hγ )
= να(r
1
α)R̂
1
α ⊗ νβ(R
1
β)R̂
2
β ⊗ νγ(R
2
γ)νγ(r
2
γ)
= να(r
1
α)R̂
1
α ⊗R
1
βR̂
2
β ⊗R
2
γνγ(r
2
γ)
= να(r
1
α)να(R̂
1
α)⊗R
1
βνβ(R̂
2
β)⊗R
2
γνγ(r
2
γ)
= (1Hα ⊗R
1
β ⊗R
2
γ)(r
1
αR̂
1
α ⊗ νβ(R̂
2
β)⊗ νγ(r
2
γ))
= (Rβ,γ)23((Rα,γ)13(Rα,β)12).
A similar computation for (Rα,β)12(((Hα⊗ϕβ−1)(Rα,βγβ−1))13(Rβ,γ)23) and ((Rα,β)12((Hα⊗
ϕβ−1)(Rα,βγβ−1))13)(Rβ,γ)23 shows that they are equal as well.
5 The Drinfel’d construction of Hom-Hopf T-coalgebra
In this section, the Drinfel’d double of Hom-Hopf T-coalgebra is constructed. Before
that, we have to discuss the notion of Hom-Hopf group-algebra, which can be equivalently
described as a Hom-Hopf algebra endowed with a family of automorphisms. We dualize
the axioms of a Hom-Hopf T-coalgebra, we get the following definition.
Definition 5.1. A Hom-Hopf T-algebra is a family of Hom-coalgebras {(Hα,∆α, εα, να)}α∈pi
equipped with the following conditions:
• A family of coalgebra morphisms m = {mα,β : Hα ⊗Hβ −→ Hαβ}α,β∈pi, called multipli-
cation, such that:
mαβ,γ ◦ (mα,β ⊗ νγ) = mα,βγ ◦ (να ⊗mβ,γ), ∀α, β, γ ∈ π. (5.1)
mα,β ◦ (να ⊗ νβ) = ναβ ◦mα,β, ∀α, β ∈ π. (5.2)
Take h ∈ Hα and g ∈ Hβ, with α, β ∈ π, we set hg = mα,β(h ⊗ g). With this nota-
tion, the equation (5.1) and (5.2) can be simply rewritten as (hg)νγ(k) = να(h)(gk) and
να(h)νβ(g) = ναβ(hg), for any h ∈ Hα, g ∈ Hβ, k ∈ Hγ and α, β, γ ∈ π;
• A coalgebra morphism η : k −→ He, called unit, such that, if we set 1He = η(1k), then
we have 1Heh = να(h) = h1He and νe(1He) = 1He , for any h ∈ Hα, with α ∈ π;
• A set of linear isomorphisms S = {Sα : Hα −→ Hα−1}α∈pi, caller antipode, such that
mα−1,α ◦ (Sα ⊗Hα) ◦∆α = η ◦ εα = mα,α−1 ◦ (Hα ⊗ Sα) ◦∆α and να ◦ Sα = Sα ◦ να, for
any α ∈ π;
• A set of coalgebra isomorphisms ψ = {ψαβ : Hα −→ Hβαβ−1}α,β∈pi, called conjugation.
21
− ψ is multiplicative in the sense that ψα ◦ψβ = ψαβ , for any α, β ∈ π. It follows that,
for any α ∈ π, we get ψαe = Id.
− ψ respects the multiplication m in the sense that ψβ(hg) = ψβ(h)ψβ(g), for any
h, g ∈ Hα, with α, β ∈ π.
− ψ respects the unit η in the sense that ψβ(1He) = 1He , for any β ∈ π.
− ψ respects the structure map ν in the sense that ψβ◦να = νβαβ−1◦ψβ for all α, β ∈ π.
Example 5.2. Let H be a Hom-Hopf algebra with the multiplication mH , the unit 1H , the
antipode SH , and the structure map νH , equipped with a group homomorphism ψ : π −→
Aut(H) : α 7→ ψα. If the following conditions hold.
• There exists a family of sub-coalgebras {Hα}α∈pi of H satisfying H =
⊕
α∈piHα;
• For any α, β ∈ π, we have HαHβ ⊂ Hαβ ;
• 1He ∈ He;
• For any α ∈ π, we have SH(Hα) = Hα−1;
• For any α, β ∈ π, ψβ sends Hα ⊂ H to Hβαβ−1 ⊂ H.
Then, we get, in the obvious way, a Hom-Hopf T-algebra.
Conversely, let H be a Hom-Hopf T-algebra. Similar to that of ([25],Subsection 3.2),
we obtain that Hpk (called a packed form of H) can form a Hom-Hopf algebra.
Remark 5.3. Let H is a finite type Hom-Hopf T-coalgebra. The dual of H is the Hom-
Hopf T-algebra defined as follows: For all α ∈ π, the αth component of H∗ is the dual
coalgebra H∗α of the algebra Hα; The multiplication of H
∗ is defined by setting
〈mα,β(f, g), h〉 = 〈f ⊗ g,∆α,β(h)〉, (5.3)
for all f ∈ H∗α, g ∈ H
∗
β and h ∈ Hαβ, with α, β ∈ π; The unit of H
∗ is defined by
ε ∈ H∗e ⊂ H
∗; The antipode λ∗ of H∗ is defined by λ∗α = S
∗
α−1
, for all α ∈ π; Finally, the
conjugation isomorphism ψ∗ of H∗ is defined by ψ∗β = ϕ
∗
β−1
, for all β ∈ π.
As the consequence of the previous result, we obtained that (H∗)pk is a Hopf algebra
endowed with a group homomorphism ψ(H∗)pk : π −→ Aut((H
∗)pk). According to Exam-
ple 1.2 (2), we can construct the Hom-Hopf T-coalgebra based on (H∗)pk, denoted by H
∗t
e ,
it is defined as follows:
• As a coalgebra, H∗te =
⊕
α∈piH
∗
α;
• The multiplication is given by (5.3), extending by linearity; The unit is defined by
ε∗t = ε ∈ H∗e ⊂
⊕
α∈piH
∗
α;
• The antipode is defined by λ∗te =
∑
α∈pi λ
∗
α =
∑
α∈pi S
∗
α−1
;
• The conjugation isomorphism is defined by ψ(H∗)pk ,β =
∑
β∈pi ϕ
∗
β−1
.
Remark 5.4. Let H be a Hom-Hopf T-coalgebra, then ((H∗)pk)
cop is the Hom-Hopf al-
gebra, its comultiplication is replaced by the new one ∆∗ = ∆
∗t,cop : ((H∗)pk)
cop −→
22
((H∗)pk)
cop ⊗ ((H∗)pk)
cop given by
〈∆∗(f), h⊗ g〉 = 〈f, gh〉, (5.4)
where ∆∗(f) = f1 ⊗ f2 if and only if 〈f, gh〉 = f1(ν
2
α(g))f2(ν
2
α(h)) = 〈f1, ν
2
α(g)〉〈f2, ν
2
α(h)〉
for any f ∈ H∗α ⊂
⊕
β∈piH
∗
β and h, g ∈ Hα, with α ∈ π. We also replace the antipode
with the new one given by λ∗ = λ
∗,t = (S∗)−1. In particular, we obtain 〈λ∗(f), h〉 =
〈f, S−1α (h)〉, for any h ∈ Hα−1 and f ∈ H
∗
α, with α ∈ π. By the above consequence, we
can get the Hom-Hopf T-coalgebra denoted by H∗t,cop based on ((H∗)pk)
cop. Observe that
ϕH∗t,cop,α = ϕH∗t,α =
∑
β∈pi ϕ
∗
β−1
, for any α ∈ π.
Let H be a finite-type Hom-Hopf T-coalgebra. We introduce the Drinfel’d double
D(H) of H as follows. As a vector space, the αth (with α ∈ π) component of D(H),
denote by Dα(H), is
H∗t,copα ⊗Hα−1 = H
∗t,cop
e ⊗Hα−1 =
⊕
β∈pi
H∗β ⊗Hα,
for any α ∈ π. A multiplication is defined by setting, for any h, k ∈ Hα−1 , f ∈ H
∗
γ and
g ∈ H∗δ , with α, γ, δ ∈ π,
(f ⊲⊳ h)(g ⊲⊳ k) = f • ((ν−3δ ϕα(h(1,α−1δα))⇀ µ
−2(g)) ↼ ν−3δ S
−1
δ (h(22,δ−1)))
⊲⊳ ν−2
α−1
(h(21,α−1))k, (5.5)
where µ = ν∗−1 and
⇀: Hδ ⊗H
∗
δ −→ H
∗
δ , (h ⇀ f)(h
′) = f(ν−2δ (h
′)h) = 〈f, ν−2δ (h
′)h〉, ∀h, h′ ∈ Hδ, f ∈ H
∗
δ ,
↼: H∗δ ⊗Hδ −→ H
∗
δ , (f ↼ h)(h
′) = f(hν−2δ (h
′)) = 〈f, hν−2δ (h
′)〉, ∀h, h′ ∈ Hδ, f ∈ H
∗
δ ,
(f • g)(h) = 〈f • g, h〉 = 〈f, ν−2γ (h(1,γ))〉〈g, ν
−2
δ (h(2,δ))〉 = f(ν
−2
γ (h(1,γ)))g(ν
−2
δ (h(2,δ))),
∀h ∈ Hγδ, f ∈ H
∗
γ , g ∈ H
∗
δ .
We now have the following main result of this paper.
Theorem 5.5. Let (H = {Hα}α∈pi, ν = {να}α∈pi) be a finite type Hom-Hopf T-coalgebra,
the multiplication in D(H) is given as above. Then (D(H), µ ⊗ ν) is a Hom-Hopf T-
coalgebra with the following structures:
• The unit of Dα(H) is defined by ε ⊲⊳ 1Hα−1 . It follows that the canonical embiddings
Hα−1 ,H
∗t,cop
α →֒ Dα(H) are algebra morphisms and that, for any h ∈ Hα−1 and f ∈ H
∗
γ ,
we have
(f ⊲⊳ 1H
α−1
)(ε ⊲⊳ h) = f ⊲⊳ h,
(ε ⊲⊳ h)(f ⊲⊳ 1α−1) = ((ν
−2
γ ϕα(h(1,α−1γα))⇀ µ
−1
δ (f))↼ ν
−2
δ S
−1
γ (h(22,γ−1)))
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⊲⊳ ν−1
α−1
(h(21,α−1));
• The comultiplication is defined by
∆̂α,β(F ⊲⊳ h) = (µ
2(F1) ⊲⊳ ϕβ(h(1,β−1α−1β)))⊗ (µ
2(F2) ⊲⊳ h(2,β−1)),
for any h ∈ Hβ−1α−1 and F ∈ H
∗
γ ⊂ H
∗t,cop
αβ , where we have that ∆∗(F ) = F1 ⊗ F2 defined
by Eq. (5.4);
• The counit is defined by setting 〈ε̂, f ⊲⊳ h〉 = 〈f, 1Hγ 〉〈ε, h〉, for any h ∈ H1 and f ∈ H
∗
γ ,
with γ ∈ π;
• The αth component of the antipode of D(H) is defined by
Ŝα(F ⊲⊳ h) = (ε ⊲⊳ ϕαSα−1ν
−1
α−1
(h))(λ∗µ
−1(F ) ⊲⊳ 1Hα),
for any h ∈ Hα−1 and F ∈ H
∗
γ ⊂ H
∗t,cop
α , where S−1γ is the antipode of Hγ, and F ◦ νγ =
µ−1(F );
• Finally, we set
ϕβ(f ⊲⊳ h) = ϕH∗t,cop,β(f) ⊲⊳ ϕβ(h) = ϕ
∗
β−1(f) ⊲⊳ ϕβ(h),
for any h ∈ Hα−1 and f ∈ H
∗
γ , with α, β ∈ π.
Proof. According to the definition of Hom-Hopf T-coalgebra, firstly, we will show that
Dα(H) (with α ∈ π) is a unital associative algebra. Then we will show that any ∆α,β
(with α, β ∈ π) and ε is an algebra morphism. Finally, we will check axioms for the
antipode.
Associativity. The multiplication given in Eq.(5.5) is associative if and only if the equa-
tion
((f ⊲⊳ h)(g ⊲⊳ k))(µβ(p) ⊲⊳ να−1(l)) = (µγ(f) ⊲⊳ να−1(h))((g ⊲⊳ k)(p ⊲⊳ l)) (5.6)
holds, for any h, k, l ∈ Hα−1 , f ∈ H
∗
γ , g ∈ H
∗
δ and p ∈ H
∗
β, with α, β, γ, δ ∈ π.
We consider the left-hand side of Eq.(5.6) and obtain
((f ⊲⊳h)(g ⊲⊳ k))(µ(p) ⊲⊳ ν(l))
= 〈µ−2(g1), ν
−1
δ ϕα(h(1,α−1δα))〉〈µ
−2(g22), ν
−1
δ S
−1
δ (h(22,δ−1))〉
(fA−2(g21) ⊲⊳ ν
−2
α−1
(h(21,α−1))k)(µ(p) ⊲⊳ να−1(l))
= 〈µ−2(g1), ν
−1
δ ϕα(h(1,α−1δα))〉〈µ
−2(g22), ν
−1
δ S
−1
δ (h(22,δ−1))〉
〈µ−1(p1), ν
−1
β ϕα(ν
−2
α−1βα
(h(211,α−1βα))k(1,α−1βα))〉
〈µ−1(p22), ν
−1
β S
−1
β (ν
−2
β−1
(h(2122,β−1))k(22,β−1))〉
(fµ−2(g21))µ
−1(p21) ⊲⊳ ν
−2
α−1
(ν−2
α−1
(h(2121,α−1))k(21,α−1))να−1(l)
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= 〈µ−2(g1), ν
−1
δ ϕα(h(1,α−1δα))〉〈µ
−2(g22), ν
−1
δ S
−1
δ (h(22,δ−1))〉
〈µ−1(p12), ν
−1
β ϕα(h(211,α−1βα))〉〈µ
−1(p11), νβϕα(k(1,α−1βα))〉
〈µ−1(p222), νβS
−1
β (k(22,β−1))〉〈µ
−1(p221), ν
−1
β S
−1
β (h(2122,β−1))〉
(fµ−2(g21))µ
−1(p21) ⊲⊳ (ν
−4
α−1
(h(2121,α−1))ν
−2
α−1
(k(21,α−1)))να−1(l)
= 〈µ−1(p11), νβϕα(k(1,α−1βα))〉〈µ
−1(p222), νβS
−1
β (k(22,β−1))〉
〈µ−2(g1), ν
−1
δ ϕα(h(1,α−1δα))〉〈µ
−1(p12), ν
−1
β ϕα(h(211,α−1βα))〉
〈µ−1(p221), ν
−1
β S
−1
β (h(2122,β−1))〉〈µ
−2(g22), ν
−1
δ S
−1
δ (h(22,δ−1))〉
(fµ2(g21))µ
−1(p21) ⊲⊳ (ν
−4
α−1
(h(2121,α−1))ν
−2
α−1
(k(21,α−1)))να−1(l)
= 〈µ−1(p11), νβϕα(k(1,α−1βα))〉〈µ
−1(p222), νβS
−1
β (k(22,β−1))〉
〈µ−2(g1), ν
−2
δ ϕα(h(11,α−1δα))〉〈µ
−1(p12), ϕα(h(12,α−1βα))〉
〈µ−1(p221), S
−1
β (h(221,β−1))〉〈µ
−2(g22), ν
−2
δ S
−1
δ (h(222,δ−1))〉
(fµ−2(g21))µ
−1(p21) ⊲⊳ (ν
−2
α−1
(h(21,α−1)))ν
−2
α−1
(k(21,α−1))να−1(l)
= 〈µ−3(p11), ν
−1
β ϕα(k(1,α−1βα))〉〈µ
−3(p222), ν
−1
β S
−1
β (k(22,β−1))〉
〈g1, ϕα(h(11,α−1δα))〉〈µ
−1(p12), ϕα(h(12,α−1βα))〉
〈µ−1(p221), S
−1
β (h(221,β−1))〉〈g22, S
−1
δ (h(222,δ−1))〉
(fµ−2(g21))µ
−1(p21) ⊲⊳ (ν
−2
α−1
(h(21,α−1)))ν
−2
α−1
(k(21,α−1))να−1(l),
where the third equality follows by the antimultiplicativity of S and the multiplicativity
of ϕ.
while, we compute the right-hand side and obtain
(µ(f) ⊲⊳ να−1(h))((g ⊲⊳ k)(p ⊲⊳ l))
= 〈µ−2(p1), ν
−1
β ϕα(k(1,α−1βα))〉〈µ
−2(p22), ν
−1
β S
−1
β (k(22,β−1))〉
(µ(f) ⊲⊳ να−1(h))(gµ
−2(p21) ⊲⊳ ν
−2
α−1
(k(21,α−1))l)
= 〈µ−2(p1), ν
−1
β ϕα(k(1,α−1βα))〉〈µ
−2(p22), ν
−1
β S
−1
β (k(22,β−1))〉
〈µ−2(g1µ
−2(p211)), ϕα(h(1,α−1δβα))〉〈µ
−2(g22µ
−2(p2122)), S
−1
δβ (h(22,β−1δ−1))〉
µ(f)(µ−2(g21µ
−2(p2121))) ⊲⊳ ν
−1
α−1
(h(21,α−1))(ν
−2
α−1
(k(21,α−1))l)
= 〈µ−2(p1), ν
−1
β ϕα(k(1,α−1βα))〉〈µ
−2(p22), ν
−1
β S
−1
β (k(22,β−1))〉
〈g1, ϕα(h(11,α−1δα))〉〈µ
−2(p211), ϕα(h(12,α−1βα))〉
〈µ−2(p2122), S
−1
β (h(221,β−1))〉〈g22, S
−1
δ (h(222,δ−1))〉
µ(f)(µ−2(g21)µ
−4(p2121)) ⊲⊳ ν
−1
α−1
(h(21,α−1))(ν
−2
α−1
(k(21,α−1))l)
= 〈µ−3(p11), ν
−1
β ϕα(k(1,α−1βα))〉〈µ
−3(p222), ν
−1
β S
−1
β (k(22,β−1))〉
〈g1, ϕα(h(11,α−1δα))〉〈µ
−1(p12), ϕα(h(12,α−1βα))〉
25
〈µ−1(p221), S
−1
β (h(221,β−1))〉〈g22, S
−1
δ (h(222,δ−1))〉
µ(f)(µ−2(g21)µ
−2(p21)) ⊲⊳ ν
−1
α−1
(h(21,α−1))(ν
−2
α−1
(k(21,α−1))l)
where the third equality follows by the anticomultiplicativity of S and the comultiplica-
tivity of ϕ, and we obviously find that both terms are equal.
Unit. For any h ∈ Hα−1 and f ∈ H
∗
γ , with α, γ ∈ π, we have
(f ⊲⊳ h)(ε ⊲⊳ 1Hα−1 ) = 〈ε, ν
−1
e ϕα(h(1,α−1α))〉〈ε, ν
−1
e S
−1
e (h(22,e))〉f • ε ⊲⊳ ν
−2
α−1
(h(21,α−1))1Hα−1
= µ(f) ⊲⊳ να−1(h)
and
(ε ⊲⊳ 1H
α−1
)(f ⊲⊳ h) = ε • f ⊲⊳ 1H
α−1
h = µ(f) ⊲⊳ να−1(h),
where we use the fact that ε ◦ Se = ε and ε ◦ ϕα = ε.
Coassociativity. For any h ∈ Hs−1β−1α−1 and f ∈ H
∗
γ , with α, β, s, γ ∈ π, we have
(∆̂α,β ⊗ µ⊗ νs−1)∆̂αβ,s(f ⊗ h)
= (∆̂α,β ⊗ µ⊗ νs−1)((µ
2(f1) ⊲⊳ ϕs(h(1,s−1β−1α−1s)))⊗ (µ
2(f2) ⊲⊳ h(2,s−1)))
= (µ4(f11) ⊲⊳ ϕβs(h(11,s−1β−1α−1βs)))⊗ (µ
4(f12) ⊲⊳ ϕs(h(12,s−1β−1s)))
⊗ (µ3(f2) ⊲⊳ νs−1(h(2,s−1)))
= (µ3(f1) ⊲⊳ να−1ϕβs(h(1,s−1β−1α−1βs)))⊗ (µ
4(f21) ⊲⊳ ϕs(h(21,s−1β−1s)))
⊗ (µ4(f22) ⊲⊳ h(22,s−1))
= (µ ⊗ να−1 ⊗ ∆̂β,s)((µ
2(f1) ⊲⊳ ϕβs(h(1,s−1β−1α−1βs)))⊗ (µ
2(f2) ⊲⊳ h(2,s−1β−1)))
= (µ ⊗ να−1 ⊗ ∆̂β,s)∆̂α,βs(f ⊗ h).
Counit. For any h ∈ Hα−1 and f ∈ H
∗
γ , with α, γ ∈ π, we get
(ε̂⊗Dα(H)) ◦ ∆̂e,α(f ⊲⊳ h)
= (ε̂⊗Dα(H))((µ
2(f1) ⊲⊳ ϕα(h(1,α−1α)))⊗ (µ
2(f2) ⊲⊳ h(2,α−1)))
= 〈f1, 1Hγ 〉〈ε, h(1,e)〉µ
2(f2) ⊲⊳ h(2,α−1)
= µ(f) ⊲⊳ να−1(h).
Similarly, we easily check that the equation (Dα(H)⊗ ε̂) ◦ ∆̂α,e(f ⊲⊳ h) = µ(f) ⊲⊳ να−1(h)
holds.
Multiplicativity of ∆̂. Since ∆̂α,β obviously preserves the unit, we only need to prove
that the equation
∆̂α,β((f ⊲⊳ h)(g ⊲⊳ k)) = ∆̂α,β(f ⊲⊳ h)∆̂α,β(g ⊲⊳ k) (5.7)
is valid, for any h, k ∈ Hβ−1α−1 , f ∈ H
∗
γ and g ∈ H
∗
δ , with α, β, γ, δ ∈ π. This is proved by
evaluating both sides in (5.7) against the general term x⊗ p⊗ y⊗ q (x, y ∈ Hγδ, p ∈ H
∗
α−1
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and q ∈ H∗
β−1
).
Multiplicativity of ε̂. For any h, k ∈ He, f ∈ H
∗
γ and g ∈ H
∗
δ , with γ, δ ∈ π, we have
〈ε̂, f ⊲⊳ h〉〈ε̂, g ⊲⊳ k〉 = 〈f, 1Hγ 〉〈ε, h〉〈g, 1Hδ 〉〈ε, k〉
and
〈ε̂, (f ⊲⊳ h)(g ⊲⊳ k)〉
= 〈ε̂, f • ((ν−3δ ϕe(h(1,δ))⇀ µ
−2(g)) ↼ ν−3δ S
−1
δ (h(22,δ−1))) ⊲⊳ ν
−2
e (h(21,e))k〉
= 〈ε̂, f • 〈µ2(g), (ν−1δ S
−1
δ (h(22,δ−1))?)νδ(h(1,δ))〉 ⊲⊳ ν
−2
e (h(21,e))k〉
= 〈f, 1Hγ 〉〈µ
2(g), (ν−1δ S
−1
δ (h(22,δ−1))1Hδ )νδ(h(1,δ))〉〈ε, h(21,e)〉〈ε, ν
2
e (k)〉
= 〈f, 1Hγ 〉〈µ
2(g), S−1δ (h(22,δ−1))νδ(h(1,δ))〉〈ε, h(21,e)〉〈ε, ν
2
e (k)〉
= 〈f, 1Hγ 〉〈µ
2(g), νδS
−1
δ (h(2,δ−1))νδ(h(1,δ))〉〈ε, ν
2
e (k)〉
= 〈f, 1Hγ 〉〈ε, h〉〈g, 1Hδ 〉〈ε, k〉
This proves that ε̂ is multiplicative. Moreover, since ε is obviously unitary, it is an algebra
morphism.
Antipode. For any h ∈ He and f ∈ H
∗
γ , with γ ∈ π, we have
(f ⊲⊳h)(1,α)Ŝα−1((f ⊲⊳ h)(2,α−1))
= (µ(f1) ⊲⊳ ϕα−1(h(1,α−1)))Ŝα−1(µ(f2) ⊲⊳ h(2,α))
= ((µ(f1) ⊲⊳ 1H
α−1
)(ε ⊲⊳ ν−1
α−1
ϕα−1(h(1,α−1))))((ε ⊲⊳ ϕα−1Sαν
−1
α (h(2,α)))
(λ∗µ(f2) ⊲⊳ 1H
α−1
))
= (µ(f1) ⊲⊳ 1Hα−1 )((µ
−1
γ ⊗ ν
−1
α−1
)((ε ⊲⊳ ν−1
α−1
ϕα−1(h(1,α−1)))(ε ⊲⊳ ϕα−1Sαν
−1
α (h(2,α))))
(λ∗µ(f2) ⊲⊳ 1H
α−1
))
= (µ(f1) ⊲⊳ 1Hα−1 )((µ
−1
γ ⊗ ν
−1
α−1
)(ε ⊲⊳ ν−1
α−1
ϕα−1(h(1,α−1)Sα(h(2,α))))(λ∗µ(f2) ⊲⊳ 1Hα−1 ))
= ε(h)(µ(f1) ⊲⊳ 1H
α−1
)(λ∗µ(f2) ⊲⊳ 1H
α−1
)
= ε(h)(µ(f1 • λ∗(f2)) ⊲⊳ 1H
α−1
)
= f(1Hγ )ε(h)ε ⊲⊳ 1Hα−1 = 〈ε̂, f ⊲⊳ h〉ε ⊲⊳ 1Hα−1
and
Ŝα−1((f ⊲⊳ h)(1,α−1))((f ⊲⊳ h)(2,α))
= Ŝα−1(µ
2(f1) ⊲⊳ ϕα(h(1,α)))(µ
2(f2) ⊲⊳ h(2,α−1))
= ((ε ⊲⊳ ϕα−1Sαν
−1
α ϕα(h(1,α)))(λ∗µ(f1) ⊲⊳ 1Hα−1 ))((µ(f2) ⊲⊳ 1Hα−1 )
(ε ⊲⊳ ν−1
α−1
(h(2,α−1))))
= (ε ⊲⊳ Sα(h(1,α)))((µ
−1 ⊗ ν−1
α−1
)(µ(λ∗µ(f1) • f2) ⊲⊳ 1H
α−1
)(ε ⊲⊳ ν−1
α−1
(h(2,α−1))))
= f(1Hγ )(ε ⊲⊳ Sα(h(1,α))h(2,α−1))
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= f(1Hγ )ε(h)ε ⊲⊳ 1Hα−1 = 〈ε̂, f ⊲⊳ h〉ε ⊲⊳ 1Hα−1 .
Conjugation. Since ϕαβ is obviously bijective and preserve the unit, we only need to check
that the condition
ϕβ((f ⊲⊳ h)(g ⊲⊳ k)) = ϕβ((f ⊲⊳ h))ϕβ((g ⊲⊳ k)) (5.8)
holds, for any h, k ∈ Hα−1 , f ∈ H
∗
γ and g ∈ H
∗
δ , with α, γ, δ ∈ π. This is proved
by evaluating both sides in (5.8) against the general term x ⊗ p ( x ∈ Hβγδβ−1 and
p ∈ H∗
βα−1β−1
).
This finishes the proof.
In what follows, we will prove that D(H) is quasi-triangular, we firstly give some pre-
liminary results. For any α ∈ π, setting nα =dim Hα. Let (eα.i)i=1,...,nα and (e
α.i)i=1,...,nα
be dual basis in Hα and H
∗
α. Then we have the following conclusion.
Proposition 5.6. The Drinfel’d double (D(H), µ ⊗ ν) has a quasi-triangular structure
given by
Rα,β = (ε ⊲⊳ ν
−1
α−1
(eα−1.i))⊗ (e
α−1.i ⊲⊳ 1β−1) ∈ Da(H)⊗Dβ(H),
for any α, β ∈ π.
Proof. We only need to verify the four relations in Definition 4.1.
Relation(4.1). For any h ∈ Hβ−1α−1 and f ∈ H
∗
γ , with α, β, γ ∈ π, we have
Rα,β∆̂α,β(f ⊲⊳ h)
= ((ε ⊲⊳ ν−1
α−1
(eα−1.i))⊗ (e
α−1.i ⊲⊳ 1β−1))(µ(f1) ⊲⊳ ϕβ(h(1,β−1α−1β)))⊗ (µ(f2) ⊲⊳ h(2,β−1))
= ((ν−3γ ϕα((eα−1.i)(1,α−1γα))⇀ µ(f1))↼ ν
−3
γ S
−1
γ ((eα−1.i)(22,γ−1)))
⊲⊳ ν−3
α−1
((eα−1.i)(21,α−1))ϕβ(h(1,β−1α−1β))⊗ (e
α−1.i) • µ(f2) ⊲⊳ νβ−1(h(2,β−1))
= 〈µ(f11), ν
−1
γ ϕα((eα−1.i)(1,α−1γα))〉〈µ(f122), ν
−1
γ S
−1
γ ((eα−1.i)(22,γ−1))〉
µ(f121) ⊲⊳ ν
−3
α−1
((eα−1.i)(21,α−1))ϕβ(h(1,β−1α−1β))⊗ (e
α−1.i) • µ(f2) ⊲⊳ νβ−1(h(2,β−1))
Evaluating the expression above against the tensor H∗γ⊗Hα−1⊗〈·, x〉⊗Hβ−1 (x ∈ Hα−1γ),
= 〈µ(f11), ν
−1
γ ϕα((eα−1.i)(1,α−1γα))〉〈µ(f122), ν
−1
γ S
−1
γ ((eα−1.i)(22,γ−1))〉
µ(f121) ⊲⊳ ν
−3
α−1
((eα−1.i)(21,α−1))ϕβ(h(1,β−1α−1β))
⊗ 〈eα
−1.i, ν−2
α−1
(x(1,α−1))〉〈f2, ν
−4
γ (x(2,γ))〉 ⊲⊳ νβ−1(h(2,β−1))
= 〈µ(f11), ν
−3
γ ϕα(x(11,α−1γα))〉〈µ(f122), ν
−3
γ S
−1
γ (x(122,γ−1))〉
µ(f121) ⊲⊳ ν
−5
α−1
(x(121,α−1))ϕβ(h(1,β−1α−1β))⊗ 〈f2, ν
−4(x(2,γ))〉 ⊲⊳ νβ−1(h(2,β−1))
= 〈µ(f1), ν
−2
γ ϕα(x(1,α−1γα))〉〈µ(f221), ν
−3
γ S
−1
γ (x(221,γ−1))〉
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µ(f21) ⊲⊳ ν
−4
α−1
(x(21,α−1))ϕβ(h(1,β−1α−1β))
⊗ 〈µ−2γ (f222), ν
−6(x(222,γ))〉 ⊲⊳ νβ−1(h(2,β−1))
= µ3γ(f2) ⊲⊳ ν
−3
α−1
(x(2,α−1))ϕβ(h(1,β−1α−1β))
⊗ 〈µ(f1), ν
−2
γ ϕα(x(1,α−1γα))〉 ⊲⊳ νβ−1(h(2,β−1)).
By computing the right-hand side of the relation, we have
((τ◦(ϕα−1 ⊗Dα(H)) ◦ ∆̂αβα−1,α)(f ⊲⊳ h))Rα,β
= (τ ◦ (ϕα−1 ⊗Dα(H)))((µ(f1) ⊲⊳ ϕα(h(1,β−1))⊗ (µ(f2) ⊲⊳ h(2,α−1))))Rα,β
= (τ((µϕ∗α(f1) ⊲⊳ h(1,β−1))⊗ (µ(f2) ⊲⊳ h(2,α−1))))Rα,β
= ((µ(f2) ⊲⊳ h(2,α−1))⊗ (µ
2ϕ∗α(f1) ⊲⊳ h(1,β−1)))((ε ⊲⊳ ν
−1
α−1
(eα−1.i))⊗ (e
α−1.i ⊲⊳ 1β−1))
= (µ3(f2) ⊲⊳ h(2,α−1)ν
−1
α−1
(eα−1.i))⊗ µ
2ϕ∗α(f1) • ((ν
−3ϕβh(11,β−1α−1β) ⇀ µ
−2(eα
−1.i))
↼ ν−3
α−1
S−1
α−1
(h(122,α))) ⊲⊳ ν
−1
β−1
(h(121,β−1))
= (µ3(f2) ⊲⊳ h(2,α−1)ν
−1
α−1
(eα−1.i))⊗ µ
2ϕ∗α(f1) • 〈µ
2(eα
−1.i), (ν−1
α−1
S−1
α−1
(h(122,α))?)
να−1ϕβh(11,β−1α−1β)〉 ⊲⊳ ν
−1
β−1
(h(121,β−1))
Evaluating the expression above against the tensor H∗γ⊗Hα−1⊗〈·, x〉⊗Hβ−1 (x ∈ Hα−1γ),
= (µ3γ(f2) ⊲⊳ h(2,α−1)ν
−1
α−1
(eα−1.i))⊗ 〈µ
4
α−1γαϕ
∗
α(f1), x(1,α−1γα)〉〈µ
2
α−1(e
α−1.i),
(ν−1
α−1
S−1
α−1
(h(122,α))ν
−2
α−1
(x(2,α−1)))να−1ϕβ(h(11,β−1α−1β))〉 ⊲⊳ ν
−1
β−1
(h(121,β−1))
= µ3γ(f2) ⊲⊳ h(2,α−1)((ν
−4
α−1
S−1
α−1
(h(122,α))ν
−5
α−1
(x(2,α−1)))ν
−2
α−1
ϕβ(h(11,β−1α−1β)))
⊗ 〈µ4α−1γαϕ
∗
α(f1), x(1,α−1γα)〉 ⊲⊳ ν
−1
β−1
(h(121,β−1))
= µ3γ(f2) ⊲⊳ (ν
−1
α−1
(h(2,α−1))ν
−3
α−1
S−1
α−1
(h(122,α)))(ν
−4
α−1
(x(2,α−1))ν
−2
α−1
ϕβ(h(11,β−1α−1β)))
⊗ 〈µ4α−1γαϕ
∗
α(f1), x(1,α−1γα)〉 ⊲⊳ ν
−1
β−1
(h(121,β−1))
= µ3γ(f2) ⊲⊳ (ν
−3
α−1
(h(222,α−1))ν
−3
α−1
S−1
α−1
(h(221,α)))(ν
−4
α−1
(x(2,α−1))ν
−1
α−1
ϕβ(h(1,β−1α−1β)))
⊗ 〈µ4α−1γαϕ
∗
α(f1), x(1,α−1γα)〉 ⊲⊳ (h(21,β−1))
= µ3γ(f2) ⊲⊳ (ν
−3
α−1
(x(2,α−1))ϕβ(h(1,β−1α−1β)))
⊗ 〈µ4α−1γαϕ
∗
α(f1), x(1,α−1γα)〉 ⊲⊳ (νβ−1(h(2,β−1))
= µ3γ(f2) ⊲⊳ ν
−3
α−1
(x(2,α−1))ϕβ(h(1,β−1α−1β))
⊗ 〈µ(f1), ν
−2
γ ϕα(x(1,α−1γα))〉 ⊲⊳ νβ−1(h(2,β−1)).
We easily observe that both terms are equal.
Relation(4.2). For any α, β, γ ∈ π, we have
(Rα−1,γ)1β−13 = (ε ⊲⊳ ν
−1
α (eα.i))⊗ (ε ⊲⊳ 1Hβ )⊗ (e
α.i ⊲⊳ 1Hγ−1 ),
(Rβ−1,γ)α−123 = (ε ⊲⊳ 1Hα)⊗ (ε ⊲⊳ ν
−1
β (eβ.i))⊗ (e
β.i ⊲⊳ 1H
γ−1
)
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and therefore we have
(Rα−1,γ)1β−13(Rβ−1,γ)α−123 = (ε ⊲⊳ eα.i)⊗ (ε ⊲⊳ eβ.j)⊗ (e
α.i • eβ.j ⊲⊳ 1Hγ−1 ).
Since Rβ−1α−1,γ = (ε ⊲⊳ ν
−1
αβ (eαβ.i))⊗ (e
αβ.i ⊲⊳ 1H
γ−1
), we obtain
((ϕβ ⊗Hβ−1 ⊗ νγ) ◦ (∆̂β−1α−1β,β−1 ⊗Hγ))(Rβ−1α−1,γ)
= (ϕβ ⊗Hβ−1 ⊗ νγ)((ε ⊲⊳ ϕβ−1ν
−1
α ((eαβ.i)(1,α)))⊗ (ε ⊲⊳ ν
−1
β ((eαβ.i)(2,β)))⊗ (e
αβ.i ⊲⊳ 1H
γ−1
))
= (ε ⊲⊳ ν−1α ((eαβ.i)(1,α)))⊗ (ε ⊲⊳ ν
−1
β ((eαβ.i)(2,β)))⊗ (µ(e
αβ.i) ⊲⊳ 1H
γ−1
).
In order to prove (4.2), we only need to check
eα.i ⊗ eβ.j ⊗ e
α.i • eβ.j = ν−1α ((eαβ.i)(1,α))⊗ ν
−1
β ((eαβ.i)(2,β))⊗ µ(e
αβ.i) (5.9)
This is proved by observing that evaluating both sides of (5.9) against the tensor Hα ⊗
Hβ ⊗ x (x ∈ Hαβ).
Relation(4.3). For any α, β, γ ∈ π, we have
(Rα,γ)1β3 = (ε ⊲⊳ ν
−1
α−1
(eα−1.i))⊗ (ε ⊲⊳ 1Hβ−1 )⊗ (e
α−1.i ⊲⊳ 1H
γ−1
),
(Rα,β)12γ = (ε ⊲⊳ ν
−1
α−1
(eα−1.i))⊗ (e
α−1.i ⊲⊳ 1H
β−1
)⊗ (ε ⊲⊳ 1H
γ−1
)
and thus we obtain
(Rα,γ)1β3(Rα,β)12γ = (ε ⊲⊳ ν
−1
α−1
(eα−1.i)ν
−1
α−1
(eα−1.j))⊗(µ(e
α−1.j) ⊲⊳ 1H
β−1
)⊗(µ(eα
−1.i) ⊲⊳ 1H
γ−1
).
Since Rα,βγ = (ε ⊲⊳ ν
−1
α−1
(eα−1.i))⊗ (e
α−1.i ⊲⊳ 1H
γ−1β−1
), we obtain
(µ⊗ ν ⊗ ∆̂β,γ)(Rα,βγ) = (ε ⊲⊳ eα−1.i)⊗ (µ
2((eα
−1.i)1) ⊲⊳ 1H
β−1
)⊗ (µ2((eα
−1.i)2) ⊲⊳ 1H
γ−1
).
Thus, we only need to prove
ν−1
α−1
(eα−1.i)ν
−1
α−1
(eα−1.j)⊗ µ(e
α−1.j)⊗ µ(eα
−1.i) = eα−1.i ⊗ µ
2((eα
−1.i)1)⊗ µ
2((eα
−1.i)2).
(5.10)
This is proved by observing that evaluating both sides of (5.10) against the tensor Hα−1 ⊗
x⊗ y (x, y ∈ Hα−1).
Relation(4.4). Similar to the proof in ([25], Theorem 11).
This completes the proof of the proposition.
At the end, we give the following result, which is a generalization of Theorem 5.9 in
[6].
Theorem 5.7. Let H be a finite-type Hom-Hopf T-coalgebra with bijective antipode and
bijective structure map. Then functor F : YD(H) −→D(H)M : F ((M, ζM , ρ
M )) = (M, ζM )
is an isomorphism of categories. Given α ∈ π, the Dα(H)-action is defined by
(f ⊲⊳ h) ·m = 〈f, (ν−1
α−1
(h) · ζ−1(m))(1,γ)〉(ν
−1
H
α−1
(h) · ζ−1(m))(0),
for all f ∈ H∗tot,copα , h ∈ Hα−1 and m ∈M .
30
Acknowledgements
The work was partially supported by the Fundamental Research Funds for the Central
Universities (NO. 3207013906), and the NSF of China (NO. 11371088, NO.11571173 and
No.11871144), and the NSF of Jiangsu Province (NO. BK20171348).
References
[1] P. J. Freyd and D. N. Yetter, “Braided compact closed categories with applications
to low-dimensional topology,” Adv. Math. 77, 156-182 (1989).
[2] C. Kassel, Quantum groups, Graduate Texts in Mathematics, (Springer-Verlag, New
York, 1995), Vol. 155.
[3] F. Li, “The right braids, quasi-braided pre-tensor categories, and general Yang-Baxter
operators,” Comm. Algebra 32, 397-441 (2004).
[4] L. Liu and S. H. Wang, “Constructing new braided T-categories over weak Hopf
algebras,” Appl. Categ. Structures 18, 431-459 (2010).
[5] A. Makhlouf and F. Panaite, “Yetter-Drinfel’d modules for Hom-bialgebras,” J. Math.
Phys. 55, 013501 (2014).
[6] A. Makhlouf and F. Panaite, “Hom-L-R-smash products, Hom-diagonal crossed prod-
ucts and the Drinfel’d double of a Hom-Hopf algebra,” J. Algebra 441, 314-343 (2015).
[7] A. Makhlouf and S. D. Silvestrov, “Hom-algebra structures,” J. Gen. Lie Theory
Appl. 2, 51-64 (2008).
[8] A. Makhlouf and S. D. Silvestrov, “Hom-Lie admissible Hom-coalgebras and Hom-
Hopf algebras,” Generalized Lie Theory in Mathematics, Physics and Beyond,
Springer-Verlag, Berlin, Chp 17, pp. 189-206 (2008).
[9] A. Makhlouf and S. D. Silvestrov, “Hom-algebras and Hom-coalgebras,” J. Algebra
Appl. 9, 553-589 (2010).
[10] F. Panaite and M. D. Staic, “Generalized (anti) Yetter-Drinfel’d modules as compo-
nents of a braided T-category,” Israel J. Math. 158 349-365 (2007).
[11] V. G. Turaev, “Homotopy field theory in dimmension 3 and crossed group-categories,”
priprint (2000).
[12] V. G. Turaev, “Crossed group-categories,” Arab. J. Sci. Eng. Sect. C Theme Issues
33, 483-503 (2008).
31
[13] A. Virelizier, “Hopf group-coalgebras,” J. Pure Appl. Algebra 171, 75-122 (2002).
[14] A. Van Daele and S. H. Wang, “New braided crossed categories and Drinfel’d quantum
double for weak Hopf group coalgebras,” Comm. Algebra 36, 2341-2386 (2008).
[15] S. H. Wang, Coquasitriangular Hopf group algebras and Drinfel’d co-doubles, Comm.
Algebra 35, 77-101(2007).
[16] S. H. Wang, Turaev group coalgebras and twisted Drinfeld double ,Indiana University
Mathematics Journal, 58(3): 1395-1417(2009).
[17] S. H. Wang, Morita contexts, π-Galois extensions for Hopf π-coalgebras, Comm.
Algebra 34, 521-546(2006).
[18] D. Yau, “Hom-quantum groups: I. Quasi-triangular Hom-bialgebras,” J. Phys. A 45,
065203 (2012).
[19] T. Yang and S. H. Wang, “Constructing new braided T-categories over regular mul-
tiplier Hopf algebras,” Comm. Algebra 39, 3073-3089 (2011).
[20] T. Yang and X. Y. Zhou, “Another construction of the braided T-category,” J. Algebra
Appl. 16, 1750035 (2017).
[21] M. M. You and S. H. Wang, “Constructing new braided T-categories over monoidal
Hom-Hopf algebras,” J. Math. Phys. 55, 111701 (2014).
[22] M. M. You, N. Zhou, and S. H. Wang, “Hom-Hopf group coalgebras and braided
T-categories obtained from Hom-Hopf algebras,” J. Math. Phys. 56, 112302 (2015).
[23] X. H. Zhang, S. J. Guo, and S. X. Wang, “Drinfeld codoubles of Hom-Hopf algebras,”
Adv. Appl. Clifford Algebr. 29, Art.36 (2019).
[24] M. Zunino, “Yetter-Drinfel’d modules for crossed structures,” J. Pure Appl. Algebra
193, 313-343 (2004).
[25] M. Zunino, “Double construction for crossed Hopf coalgebras,” J. Algebra 278, 43-75
(2004).
32
